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Abstract

We analyze the social and private learning at the symmetric equilibria of a queueing
game with strategic experimentation. An infinite sequence of agents arrive at a server
which processes them at an unknown rate. The number of agents served at each date
is either: a geometric random variable in the good state, or zero in the bad state.
The queue lengthens with each new arrival and shortens if the agents are served or
choose to quit the queue. Agents can only observe the evolution of the queue after
they arrive, thus each agent solves the experimentation problem of how long to wait
to learn about the probability of service. The agents, in addition, benefit from an
informational externality by observing the length of the queue and the actions of
other agents. There is also a negative payoff externality as those at the front of the
queue delay the service of those at the back.

Journal of Economic Literature Classification Number: C72, C783.

Keywords: Experimentation, Bandit Problems, Social Learning, Herding, Queues.

*University College London. I am grateful to the Cowles Foundation for its hospitality while part of
this work was undertaken.

tUniversity of Texas at Austin. Support from Deutsche Bank through IAS Princeton is gratefully
acknowledged.



1 Introduction

We study a game of strategic experimentation that has both payoff and information ex-
ternalities. A sequence of individuals arrive over time and join a queue for service. This
queue grows at each new arrival and shrinks if service occurs or if an individual decides to
stop waiting and leave. Individuals arrive uncertain about whether service occurs, because
in the bad state of the world there is no service, but once in the line can observe the service
events as well as the behaviour of all other agents in the queue.

As she waits in line without observing service, an individual revises downwards the
likelihood she attributes to service ever occurring. This is the usual private learning that
occurs in strategic experimentation models. In the standard exponential bandit problem
a single agent would decide how long to wait for a reward/service before giving up and
taking an outside option. This aspect is also present in our model. Additionally, the be-
haviour of other agents in this game is itself a source of information. This social learning
takes two different forms. Once in the queue, individuals learn from the behaviour (leave
of keep queueing) of those ahead of her in the queue. For instance, observing an agent
ahead of her leaving the queue is bad news about the state of the world. Social learning
also occurs when the individual arrives at the queue. The service state determines the
stochastic process followed by the queue lengths, so the length of the queue when she
arrives is informative about this state.

Our main results are as follows. We find a class of strategies that combine herding and
experimentation in a natural way. We establish the existence of a symmetric equilibrium
in such strategies when agents are sufficiently patient, and describe the equilibria obtaining
when agents are less patient. Depending on the discount factor, equilibria can take two
qualitatively different forms. When agents are sufficiently patient they are willing to let
queues grow very long. These queues can be very informative, and certain queue lengths
perfectly reveal the state of the world to new arrivals. This is not the case when agents are
less patient. Agents are then unwilling to let the queues grow long and no queue length
can perfectly reveal the state.

The equilibrium properties also depend on the rate at which service occurs in the
good state. If the (good state) rate of service is greater than the arrival rate (so that
queues tend to empty out), we find that in equilibrium there are positive spillovers in the
experimentation decisions. That is, the individuals in the queue tend to experiment for
longer than they would have in the corresponding single-agent decision problem. This is
because short queues signal a good state of the world and cause an individual arriving
first in line to revise upwards her belief in the good state. This increased waiting time is
good for social learning, because many other agents will be able to benefit from the first in
line’s experience. However, the tendency of queues to empty out is bad for social memory.
Every time the queue clears the social memory is reset and individuals have to re-learn
what past generations may already have learnt. Ultimately the equilibrium in this case
does not get close to efficiency.

In contrast if (in the good state) the arrival rate is greater than the service rate, there are
negative spillovers in the experimentation decisions. Individuals early in line experiment



less than they would have in the single-agent problem, which is bad for social learning.
However, the tendency of queues to fill up in this case implies that once the state is known
to be good the queue will tend to persist for long periods of time without clearing. Social
memory is therefore excellent. As a result the equilibrium behavior can be close to efficient.

1.1 Related Literature

The model we study formalizes a problem that arises in many contexts. This is a situation
faced by most of us as we approach counters for service or as we wait for taxis in unfamiliar
places: are short queues a good sign because they indicate a high service rate, or a bad sign
because informed individuals know not to queue but go straight to the outside option? This
problem also arises in many non-economic Situationsﬂ (queueing for service in computer
and communication networks, pipeline scheduling).

There is a vast literature on strategic behaviour in queues (see Hassin and Haviv| (2003))
for a summary) and it is well known that in queues operating under a first-in-first-out
(FIFO) regime an individual who decides to join the queue imposes a negative payoff
externality on those behind her (see Hassin| (1985)). Research most closely related to
ours considers the question of herding and social learning (Banerjee (1992), Bikhchandani,
Hirshleifer, and Welch (1992), Smith and Sgrensen| (2000)). In the context of queues
Debo, Parlour, and Rajan| (2012) consider a model in which the length of a queue reveals
agents’ private information about the quality of a product, and explore a firm’s incentive to
manipulate the service rate or (in|Debo, Rajan, and Veeraraghavan| (2012))) prices. [Eyster,
Galeotti, Kartik, and Rabin| (2013 study herding when a sequence of agents have the
choice between two actions, and bear a congestion cost determined by how many agents
have previously chosen the action. In all these models, queues serve to add a cost to herding
and all learning is done prior to the individuals’ decision whether to join the queue or not.
Once an individual has made this decision, she cannot revoke it, and there is no further
learning, public or private.

Strategic experimentation with information externalities has been widely studied (Bolton
and Harris (1999), [Keller, Rady, and Cripps| (2005)), Murto and Valiméaki (2011))) and there
is a recent literature on experimentation with direct payoff externalities (Strulovici| (2010)),
Thomas (2013])). This paper attempts to consider both types of externalities simultane-
ously. While combining these externalities leads to many analytical difficulties in general,
queues provide a tractable structure within which this problem can be studied.

In the queue setting we are also able to make a distinction between social learning and
social memory. The current size of the queue and the current behaviour of those in the
queue generate an informational externality giving rise to social learning. However, in our
model there are events that can destroy the accumulated knowledge of everyone in the
queue. This can happen if the entire queue is served and clears, or if all agents in the
queue leave en masse. After such events, the new arrivals find themselves in a world where
there are no agents to learn from and there is no record of what went on before. The
social record was obliterated. These events can happen with positive probability so that

1See [Percus and Percus (1990) or (Chaudhry and Guptal (1996) for examples.



in this game learning never stops. We define social memory to be the persistence of the
social learning, and the frequency of the events thus resetting social learning determines
the social memory. Similar issues, although in a different context, have been discussed in
Herrera and Horner| (2013)).

Finally, in our equilibria, information can aggregate “in waves”: in between informa-
tional cascades and ensuing herds, there will be periods of relative inactivity during which
learning occurs gradually. Our model shares this feature with Bulow and Klemperer| (1994)),
Toxvaerd (2008)) and |Murto and Valimaki (2011]).

The layout of the paper is as follows. In Section [2| we set up our discrete-time queuing
model. In Section [3] we describe each individual’s experimentation problem. Section
discusses the inefficiencies that arise in this game. Section [o| provides the main result of
the paper. We establish the existence of a symmetric equilibrium when individuals are
sufficiently patient. We describe the social learning process as a function of the arrival
rate of rewards in the good state and of agents’ impatience. We discuss social memory in
Section [6] and directions for further research in Section [7.

2 The Model

We start by describing the queue. A single-server queuing model is described by two
processes: one governs the arrival of individuals, the other determines when they are
served. Below we will describe the details of the arrival process and the two different
service processes that may occur in our model, depending on the server state. We then
describe the agents’ beliefs about the server state, and finally their payoffs.

Time is discrete and indexed by 7 = 0,1,... . At each date 7, we distinguish three
separate stages: Service, Fxit, Arrival. The S,E, A stages collapse separate events in the
queueing process so that they occur at the same calendar time. At any date 7 the S,E,A
stages proceed as follows:

Service: This is first stage in each period. Let k, denote the number of individuals
that are served at date 7. There are two possible states of service: {good,bad}. In the
bad state no individual is ever served: k, = 0 for 7 = 0,1,2,.... In the good state k,,
is an i.7.d. random variable with a geometric distribution?} Pr(k, = z) = (1 — a)a® for
r=0,1,...and a € (0,1).

Ezit: In the second stage individuals have the opportunity to leave the queue. (This
is also called “reneging” on the decision to queue.) Any exit is observed by all individuals
who are currently in the queue. This stage is only concluded when no individual remaining
in the queue wishes to exit, so there is the opportunity for multiple rounds of exit at this
stage if this is desired by the agents. The opportunity to exit occurs immediately after
service occurs. She would not find it optimal to leave the queue at any other stage of date
7, because this is the point at which she has just learnt something about the service rate.

Arrival: At the final stage one new individual arrives. The new individual at date 7
can choose to join the queue or to “balk”, that is, to exit immediately and not join the

2This discrete-time geometric distribution service model for queues is widely used to model computer
communication system: see for example |Chaudhry and Guptal (1996)).



queue. Once this stage has occurred the game moves to the next time period and the
S,F, A sequence is repeated.

Notice that in this model individuals must wait in line for at least one period before
they have the opportunity to be served. Also, that the average rate at which individuals
are served in the good state is /(1 — ). If @ > 1/2, the average service rate is greater
than the arrival rate and queues tend to empty whereas if o < 1/2 queues tend to grow.

The individual who arrives at date 7 is uncertain about the state of the server and
about the current date. She holds a prior belief on both. Let p € (0,1) denote each
individual’s prior belief that the server is in the good state and each individual assigns
prior probability v(1—v)7 to having arrived into the system at date 7| Once she observes
the number of individuals already queueing for service she will revise these beliefs and can
then (as specified above) choose to join the queue or to balk.

We assume that any individual who is served receives the payoff of w. Any individual
who exits, either initially or after waiting for some time (balks or reneges), receives a payoff
of 1. While individuals wait in line they receive a flow payoff of zero and discount one unit
of calendar time by the factor § < 1. Finally, we will assume that dw > 1 so it is optimal
to wait for service if the server is known to be good.

3 Optimal Experimentation in Queues

We now describe the solutions to two single-agent optimization problems that are compo-
nents of our game. The first question is: when should an individual join a queue if she
knows the server state is good? This question arises because, even in the good state, it may
take significant time for a long queue to be served. So, a new arrival may prefer balking
and immediately taking the outside option to waiting in line a long time. The answer
to this question will determine the maximum individually rational queue length M. The
second problem is one of optimal experimentation: How long should an individual who
is n'" in line wait without observing service before reneging on the queue and taking the
outside option? In this section we treat this question as a private-learning problem and
assume that the individual does not learn from the actions of others in the queue.

3.1 The Maximal Individually Rational Queue Length: M

First we evaluate the value of being n'® in line when the server is known to be good.
We will introduce the parameter v, which represents the congestion cost of being behind
another individual in a queue. Once we have determined the value of being n'" in line,
we can compare this with the value of taking the outside option and determine M, the
maximal individually rational queue length at a server known to be good.

Let V,, denote the expected payoff of an individual who at date 7’s service opportunity

30ur results will apply to the case where v is sufficiently small and this prior is sufficiently diffuse. The
parametrization of this prior is not significant it will be simply a way of ensuring that this prior is diffuse
enough.



has just observed service and is now n'" in the queue. This satisfies the recursion
Vi=(1-a)V,+ (1 —a)adV, 1+ -+ (1 —a)a™ V] + a"dw.

(At the next service opportunity exactly z = 0,1,...,n — 1 individuals are served with
probability (1—a)a® and the n'® in line moves up to the n —2*® position. With probability
a™ at least n individuals are served, including the n'® in line.) As V; = (1 — )3V} + daw,
we can solve iteratively to find

(1) Vo, =Y 0w, where ¢ = %.

This expression serves several purposes. First, it will be an input into the calculation
for the optimal time to wait when the server state is unknown. Second, each additional
person queuing in front of her discounts an individual’s payoff by the factor v» < 1. The
parameter ¢ can be understood to capture the congestion cost imposed by any individual
on those behind her in the queue. This congestion cost is mitigated as the service rate, a,
increases and it entirely disappears as «, and so v, approach one. In contrast when service
is slow the congestion costs become extreme.

We now describe queues where congestion cost are large enough to make balking prefer-
able to waiting. When the server is known to be good, if ¢"éw > 1 an individual prefers
joining the queue at the n'" position to balking. We define M > 0 to be the largest integer
such that

(2) M 5w < 1 < pMow.

M is the longest the queue can ever get. It dependsf_f] only on the parameters «, 6 and w of
our model. Our assumption on w ensures M is positive. Notice that infinitely long lines
are possible as congestion costs vanish, that is, as the individuals become more patient
(0 — 1) or as the service rate increases (o — 1).

3.2 The n'" in Line’s Experimentation

We now turn to an individual’s private learning, or experimentation. This learning is
based only on her observations of the server (in)activity as she waits in line. Hence, in this
section we will assume that she learns nothing from the actions of other agents — there
are no informational externalities. We maintain the assumption that a player must wait
for those in front of her to either be served or to renege on the queue, before she can be
served. This generalizes the usual bandit problem to one where arrival of good news does
not immediately generate a reward; the reward (service) arrives at some random time in
the future.

We want to determine the length of time for which an uninformed agent, who is n'
in line, will optimally wait to learn the queue state. Our first step is to evaluate the
expected payoff of the individual who is n*® in line conditional on at least one individual

h

4For notational convenience we will not make the dependence on these parameters explicit.



being served. This is essentially the n'" in line’s expected payoff conditional on service
occurring at the current service opportunity. A simple calculation (and a substitution from
the recursion above for V;,_;) gives this value:

(3) (1-a) (Vn—l +aV,_o+-- + OzanV'l) +a" w =V, 1/6 =" w

Thus the n** in line expects to get a payoff 1"~ !w if the server is revealed to be good at the
current service opportunity. For n = 1 the expected payoff from service having occurred is
w, as one would expect, and in general the expected payoff conditional on service having
occurred is proportional to the value (V;,_;) of being n — 1 in a good queue.

Given this preliminary calculation, we can now describe the payoff, U,(m, u2), of an
individual who arrives as the n'® in line, has belief 4% > 0 that the server is in the good
stateﬂ and adopts the following strategy: Wait m periods for a service event and if one
occurs during these m periods never leave the queue; but if no service is observed, then
renege after m periods of server inactivity. The details of U,(m, u) can be explained as
follows. First, the individual expects to observe no service over m periods with probability
1—p® 4+ 8 (1 —a)™. If service occurs in any of the m periods, her expected payoff is given

by .

4 U(mopp) == (L= +p0(1—a)™)0™ + ¢ w ) Y 6*a(l—a)* ™,
s=1
(5) = (1= )0+ Sy ws — P08 (1 — ) (6w — 1),

The three terms on the right of represent: her payoff from taking her outside option
when the state is bad, her payoff from always being served when the state is good, and a
correction to this second term that allows for the possibility that she may be unlucky in
the good state and not observe service in the m periods she waits.

In the absence of social learning, the individual who is n'" in line will solve the problem
max,,>o U, (m, ). Her optimal behavior could be described in terms of a cutoff posterior
. at which she should renege on the queue, or in terms of the number N (n, p) =
arg max,,>o U, (m, u0) of unsuccessful service events she should observe before reneging.
The result below describes both.

Proposition 1 There exists a solution, m*, to the problem max,,>o Uy, (m, ). The opti-
mal action, m* is unique for a.e. p € (0,1). At beliefs where the solution is not unique,
m* and m* + 1 are both optimal. The value m* satisfies

© =N = |t - o)) g (LSO

where [x], denotes the smallest non-negative integer greater than or equal to x. At this
solution, the indiwidual chooses to renege when her posterior hits the cutoff:

1—-946
(7) By = da(yPr—tw —1)

The proof is given in Appendix [A.]]

5In Section we describe how this belief is obtained.
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4 The Cooperative Problem

We now describe how a team of individuals can act to maximize average social welfare[f]
This is the benchmark for the later results when the individuals act strategically. We will
show that, when acting as a team, the individuals can achieve the ex-post first-best average
social welfare. That is, there exists a strategy that allows the team to achieve the first-best
average payoff when the queue is good and the first-best average payoff when the queue
is bad! This strategy will generate a shorter maximum queue than that observed in the
equilibrium of section [5

If the members of the team can communicate information to later arrivals, the team
problem is trivial, because in the good state service will eventually be observed and all later
arrivals will be told the state. We will, therefore, consider efficiency where the members of
the team cannot share information with each other: each member of the team is constrained
to follow a strategy that depends only on their information. The objective of the team is
to maximise the long-run average utility of all team members. There is no discounting of
team-members’ utilities and we consider a Utilitarian social welfare criterion.

First let’s consider the cooperative optimum when the state of the server is known. In
the bad state the cooperative solution would be for every arrival to balk immediately. This
corresponds to the individually optimal behaviour. In the good state, however, individually
and socially optimal behaviour differ: In the good state, it is individually optimal for
individuals to join queues shorter than M (where M is defined by condition ([2) above) and
to balk at queues of lengths M or greater. This is not the cooperative optimum, however.
The individual who is M*™ in line is close to indifferent between waiting and immediate
exit; the private benefits and costs of standing in line are close to being equal. However,
waiting in line imposes additional costs on the team, because it delays the expected service
time of all later arrivals (until the line empties). Hence, the privately optimal decision of the
M™ in line has additional social costs that are not incorporated into her private decision.
It follows that the socially optimal line length, MT, in the good state satisfies MT < M
and in general this inequality is strict. Individually optimal queues at good servers are in
general inefficiently longﬂ

Now let us return to the case where the server state is unknown. The strategy we
propose for each individual is: join the queue and wait until served if there are less than
MT individuals in line; balk and take the outside option immediately if there are MT or
more in the line. This strategy achieves the first-best cooperative payoff in the good state
of the world. In the bad state of the world, the first MT arrivals will join the queue
and, thereafter, no-one will. Averaged over infinitely many individuals, this imposes a
vanishingly small social cost and the average payoff in the bad state of the world is 1. The
policy is, therefore, also ex-post optimal given the team’s Utilitarian objectives[]

6 In a queuing model this problem was studied by [Hassin| (1985)), in the social learning setting Smith
and Sgrensen| (2009)) and in the bandit setting by [Bolton and Harris| (1999); for example.

"The exact value of M1 is calculated in Appendix B.

8 In a more general model where service was provided in the bad state with a reduced probability the
ex-post optimum would not be obtainable. This is because following the optimal good-state strategy in
the bad state would impose increased waiting on an infinite set of agents. We conjecture that the optimal
strategy for the team would be to exit at a threshold that was strictly between the exit threshold in the



5 Equilibrium of the Queuing Game

We now construct a symmetric equilibrium of this game. The first step in this process is
to propose a of strategy that will be played by each agent. Then, for each server state
we determine the stationary distribution of queue lengths induced by this strategy. These
stationary distributions determine an agent’s posterior upon arriving at the queue at a
given position and observing the current queue length. Finally, we verify that the strategy
assumed at the first step is indeed optimal given this posterior and the other learning
that occurs in this game. Each part of this section deals with one of the four steps just
described.

5.1 Strategies

An individual’s strategy has two parts: It prescribes her behaviour when she arrives at the
queue (whether to join the queue or to balk), and her behaviour once she has joined the
queue (when to stay or and when to renege).

Definition 1 The strategy o*(q, N, M):
o An individual joins any queue as long as she is at most M*™ in line.

o [f there are agents ahead of her in the queue when she joins it, then she reneges on
the queue if and only if the first in line reneges.

e [f there are no agents ahead of her in the queue when she joins it, then she reneges
after N unsuccessful service opportunities with probability q € [0, 1]. With probability
1 — q she experiments for one more period and reneges if not served at the N + 15
service opportunity.

The probability ¢ € [0, 1] and the non-negative integers N and M are parameters of o*.

According to this strategyf’| no individual other than the first in line autonomously
reneges on the queue. For N < M this means that agents will continue to join the queue
as long as the first in line experiments. If an individual joins a queue no longer than N, she
does not know whether the individual currently first in line initially joined the queue at a
later position and moved up to first position when service occurred, or whether she joined
the queue at the first position and has been waiting for service ever since. In other words,
the agent joining a queue may not know whether the first in line has already observed
service or is still experimenting.

If N < M the length of the queue can also reveal the first in line’s information. If
the first in line reneges after N periods of experimentation, all those behind her infer
that she has not yet observed service. If the first in line does not renege after N periods
of experimentation, all those behind her learn with certainty that the first in line has
previously observed service. They are now certain that the server is in the good state and

good state and the bad state.
9In a slight abuse of notation, we will use ¢* interchangeably to denote an individual’s strategy or the
symmetric strategy profile in which every individual uses the strategy o*.
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will stay in the queue until served. Therefore, an individual arriving at a queue in n'®

position, where N < n < M + 1, can be certain that the server is in the good state. We
say that the strategy profile o* exhibits perfect revelation when N < M ET]

If on the other hand M < N, the queue will not exceed length M even as the first
in line continues to experiment. All agents queuing behind the first in line learn that the
server is in the good state if the first in line doesn’t renege after N unsuccessful service
events, but even in that case the queue never grows longer than M. So while the position
n at which an agent arrives at the queue remains informative about the server state, there
exists no n that perfectly reveals the server state. We say that the strategy profile o*
exhibits imperfect revelation when M < N E

We will establish that a strategy profile o* with perfect revelation (N < M) constitutes
a perfect Bayesian equilibrium of the game, provided agents are sufficiently patient and
have a sufficiently diffuse prior on the calendar date at which they enter the system. This
is summarised in the proposition below. The result holds for all & € (0,1). When ¢
is sufficiently large, it optimal for the first in line to engage in some experimentation.
Moreover the cost of congestion is sufficiently small for agents to be willing to join long
queues. Both of these elements ensure that there exists a PBE with perfect revelation.

Proposition 2 Given u € (0,1) and o € (0,1) there exists § < 1 such that for all
d >0 and all v < v(0) there exists a strategy o*(q*, N*, M*) with perfect revelation that
constitutes a symmetric perfect Bayesian equilibrium of this game.

This proposition is proved by Lemmas [5| and [7] below. Equilibria with imperfect revelation
exist for lower values of §. While we don’t prove this result formally, we give an intuition
for it in Section where we give examples of such equilibria.

5.2 Stationary Distributions of Queue Lengths

The inference an individual draws from the queue length she observes upon arrival is de-
scribed in Section[5.3] It depends on the distributions of possible queue lengths conditional
on the server state and given that all individuals use the strategy ¢* described above. We
describe the stationary distributions of queue lengths in this section.

We will consider the stochastic process followed by the queue length at the start of the
arrival stage of each date 7 € Z,. This choice of timing is critical in understanding the
distributions below. We say that the queue has length n at date 7 if the individual arriving
in the system at date 7 arrives in the queue at the n'® position—even if that individual
then balks. There are two discrete-time Markov processes to consider: one that arises if
the server is in the good state and the other if the server is in the bad state. We now
derive the stationary distributions of these processes.

Conditional on the server being in the bad state, the queue length (at the start of the
arrival stage) follows an almost deterministic process. Let w, (n =1,2,..., M +1) denote
the stationary probability of arriving at the queue at the n'" position, conditional on the

OFor ¢ < 1 perfect revelation requires N + 1 < M.
"For g < 1 the strategy profile with M = N + 1 also exhibits imperfect revelation.
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server being in the bad state. If N < M the queue grows by one individual each period
and then shrinks to length 1 in the period after reaching length N with probability ¢, or
with probability 1—q grows to length N +1 and then shrinks to length 1. Thus, in the bad
state there is ergodic probability 1/(N + 1 — q) of arriving n'" in line for n = 1,2,..., N,
probability (1—¢q)/(N+1—gq) for n = N+1, and zero probability of arriving at the queue at
any other position. If M < N the queue will grow to size M and then stay at that size for
a further N — M periods with probability q or a further N +1— M periods with probability
1 — g before shrinking to unity. Thus there is ergodic probability 1/(N + 1 — g) of arriving
at a queue n™ in line for n < M and ergodic probability (N — M +1 —¢q)/(N + 1 — q) of
arriving at the M+ 1% position (and balking). These values are summarized in Proposition
B below.

Conditional on the server being in the good state, the process governing the evolution
of the queue (at the start of the arrival stage) is more complex. If the agents use the
strategy o*(q, N, M), the queue length at the end of each period follows a stochastic
process: sometimes service occurs and shrinks the queue and other times it does not;
sometimes the first in line reneges and all the others in line follow her. This stochastic
process is a Markov chain, provided the state of the process is defined to be the position
in the queue at which the latest individual arrives and whether or not the first in line
knows that the server is in the good state. There are at most M + N + 2 states for this
process: arrival at positions 1,2,3,..., M + 1 and the first in line knows the server is in
the good state; arrival at positions 1,2,..., N 4+ 1 and the first in line is uncertain. The
process governing the queue length, defined by the strategy above and the service process,
has finite states and is irreducible so it must admit a unique stationary measure.

We define y, (n = 1,2,..., M + 1) to be the stationary probability of arriving n'" in
line at the arrival stage of date 7 € Z,, conditional on the server being in the good state.
We also define z, (n =1,2,..., N+1) to be the stationary probability that the first in line
has not observed a service event and that the individual arriving at date 7 € Z, arrives
at the n'® position, conditional on the server being in the good state. These values are
characterised in the following proposition.

Proposition 3 Assume that o # 1/2 and o # oy where oy solves (1—a)N Tt = 1—2a. If
the agents follow the strategy o*(q, N, M), then conditional on the server being in the good
state the unique stationary distribution satisfies z, = (1 —a)"ly; forn=1,2,... N +1.
If N < M, then

"t — k, n=1,2...,N;
—q)ad?
8 w. = B ¢"71—k1v%, n=N+1;
¢n_1_kN 1+q¢ ¢n—N7 n=N+2 ... M+1;

¢*(¢+q)
1 — N N _ A M+1 k 1+ 1— 2

1—¢ 1—¢ PN p+ ¢ p(o+q)

12The remaining part of the stationary distribution can be found by taking the difference y,, — z,. Notice
that an individual cannot have just arrived at the first position in the queue and know that the server is
good. This is why the state where an individual arrives at the queue in first position and knows that the
server is in the good state has zero measure, and y; = 2.
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If M < N, then

B "t —ky, n=1,2,...,M;
(10) Yp = B{qu—%v, n=DM+1;
4 1_¢M+1_ .
(11) B~ = T4 k(M +¢7).

In both cases: ¢ := (1 —a)/a; ky == a(p+q)(1 — )V /]a(¢p+q)(1 — )V +2a —1].
Finally, conditional on the server being in the bad state, the unique stationary distribution
satisfies, for N < M:

1 .
m, n:1,2,...,N,
(12) w, = s, n=N+1;
0, n=N+2,...,.M—+1;
and for M < N:
— n=12,...,M;
(13) w, = YAy o P

The proof of this result is given in Appendix[A.2] In the statement of Proposition [3] there
are two excluded values of o In both cases the stationary distribution exists, but it has
a different functional form from the ones given above. We will describe these distribu-
tions later in this section. For most values of «, this stationary distribution admits three
qualitatively different formsﬂ

Decreasing when a > 1/2: In this case service is faster than arrivals, so shorter queues
are more likely than longer ones. The effect of fast service is further exacerbated
by the “renewal” effect of the uninformed first in line reneging after N unsuccessful
service events, causing the entire queue to clear. The stationary distribution therefore
exhibits faster than exponential decline when M < N, and for the values n =
1,...,N when N < M. The jump down between n = N and n = N + 1 occurs
because such a transition is only possible if the first in line knows that the server is
in the good state. Similarly for the jump between N + 1 and N + 2 when ¢ < 1. For
n=N+42,..., M, the distribution declines exponentially.

M=9, N=3, =0.65 M=9, N=15, a=0.65

06 " T T T T T = 06 1 T T T

05 V 0s

04 0.4
Yn o3f — Yn o3f

02 : 02

01 01

00 D e, ST ST ook,

0 2 4 6 8 10 0 2 4 6 8 10
n n

13All numerical illustrations of the stationary measure in this section are for the value ¢ = 1/2. The
values of N and M are chosen for clarity of illustration and are not necessarily equilibrium values.
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Figure 1: The stationary measure of the queue length conditional on the server being
in the good state with o > 1/2 under perfect revelation (left panel) and imperfect
revelation (right panel).

U-Shaped when a < 1/2 and kpx > 1: This occurs for N < M when « tales values
in the interval (a;,1/2). That interval vanishes (o} — 1/2) as N — oo. For these
values of «, service is slower than arrivals so that, unconditionally, longer queues
are more likely than shorter ones. However the effect of slow service is dominated
by the renewal effect when M < N and for the valuesn = 1,..., N when N < M.
Therefore, conditional on the first in line being uninformed, shorter queues are more
likely than longer ones and the stationary distribution is declining with n. In contrast,
once the queue grows longer than N it tends to fill up to length M and stay there
for some time. So the stationary distribution jumps down at N + 1 and N + 2 and
then increases over the range N + 2 < n < M, as illustrated in Figure 3 below.

M=9, N=3, a=0.48 M=3, N=4, @=0.49

06 [T T T T T T 3 06 F" T T T
osf ] o5
04l ] 04l
Yn o03f 1 Yn o3}

— - .

.
02l ] 02
01l — e o .F/./_,y—"/”f. ] o1l
00k, . . . . . 1 00 Ly
0 2 4 6 8 10 0 1 2 3 4 5
n n

Figure 2: The stationary measure of the queue length conditional on the server
being in the good state with o’y < o < 1/2 under perfect revelation (left panel) and
imperfect revelation (right panel).

Increasing when ky < 0: This occurs for o € (0,a}). In this case service is so slow
that it dominates the renewal effect. The stationary measure is therefore increasing
over its entire support. Notice that as M increases without bounds, y; tends to zero.
Intuitively: If the queue at a good server is most likely to be infinitely long, arriving
at the first position in line makes a individual almost certain that the server is in the
bad state.

M=9, N=3, 2=0.35 M=9, N=15, ¢=0.35

0.6 FT

05 1 05}

04 - 04l

02f - 02}

01f - 01l

00 L 9o ¢ L L L - 00k,

Figure 3: The stationary measure of the queue length conditional on the server being
in the good state with o < o’y under perfect revelation (left panel) and imperfect
revelation (right panel).
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Excluded values a = 1/2 and o = aj: For a = 1/2, the exact analytical form of the
stationary distribution is derived in Appendix[A.2] For N < M it is linearly decreas-
ing in n for 1 <n < N, has a downward step at n = N +1 and n = N + 2, and is
constant for n > N 4 2. For M < N it is linearly decreasing in n for 1 <n < M
and has a downward step at n = M + 1.

For « = aj and N < M the stationary measure is uniform for n < N, has a
downward step at n = N + 1 and n = N + 2, and is increasing for n > N + 2. For
M < N it is uniform for 1 < n < M and has a downward step at n = M 4 1. These
cases are illustrated below.

M=9, N=3, a=0.5 M=9, N=3, a=ay

06 06 F
05} E 05F
04F E 04F
Yn o3} E Yn o03f

02f : 02F

0 T e e e e e el o.1—,,,..ﬂ./*x’/‘§

00k . . . . L 00k
0 2 4 6 8 10 0 2 4 6 8 10
n n
M=3, N=4, «=0.5 M=3, N=4, a=ay
06 F T T T T = 06 Fr
05F 05}
04F 04F
Yn 03f Yn o3}
02f M — . o2k
01f : o1b
00k . . . . : 00k
0 1 2 3 4 5 0 1 2 3 4 5
n n

Figure 4: The stationary measure of the queue length conditional on the server
being in the good state when o takes the values oy and 1/2 under perfect revelation
(first two panels) and imperfect revelation (last two panels).

We now establish a bound on the rate at which the Markov process followed by the
queues in the good state converges to the stationary distributions defined in Proposition
This result will be of use in the next section when we argue that posteriors based on
these stationary distributions are a good approximation to the agents’ true posteriors when
they arrive at a queue of a given length. There are at most M + N + 2 states for this
Markov process that is: arrival at positions 1,2,3,..., M + 1 and the first in line knows
that the server is in the good state; arrival at positions 1,2,..., N 4+ 1 and the first in
line is uncertain about the server state. Let S := {1,2,...,M + 1} U{l,..., N} denote
this state space and ( € A(S) a generic probability measure on S. The initial condition
(at the arrival state of date 7 = 0) is that one (uniformed) individual arrives at the first
position in line. We will denote its measure as ¢° € A(S). The strategy o*(q, N, M)
together with the service process determine a probability distribution for queue lengths at
all future dates 7 = 1,2,3,..., which we will denote (™ € A(S). Finally we let ( € A(S)
denote the stationary measure described in Proposition 3] In the lemma below we give a
rate of convergence result for this process. That is, we bound the distance between (™ and
¢, where || - || denotes the total variation norm.
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Lemma 1 If the server is in the good state, then ||¢T — (|| < (1 —a™)7™ for all T > 0.

The proof of this lemma can be found in the Appendix [A.4] Tt is intuitive once one
appreciates that at each date there is a probability of at least o that all the individuals
in the queue are served (no matter how long the queue is). Once all individuals are served,
the queue reverts to the state in which an individual arrives at the queue at the first
position and is hence uninformed about the server state. This renewal (or coupling) rate
bounds the rate of convergence to the stationary measure.

5.3 Posteriors and Inference on Queue Lengths

In this section we describe the properties of the agents’ posterior beliefs when the strategy
0*(q, N, M) is used. There are two sources of information and, therefore, two kinds of
learning in this model. We refer to the inference an agent draws from her own observation
of server activity as private learning, or experimentation, and distinguish it from social
learning, where an agent draws inference from the actions of other agents. At our equilib-
rium social learning occurs when agents arrive in the system and observe the queue and
when they observe the first in line’s behaviour after N or N+ 1 unsuccessful service events.

We begin this section by giving two expressions, and , for the updated beliefs
the individual would have if she were certain that the process governing the queue length is
in the stationary regime. (The social learning that an individual performs upon arriving at
the queue at the n'® position, without incorporating any prior information the individual
may have about the calendar date.) Our first result in this section, Lemma , shows that
these expressions are arbitrarily good approximations to the individual’s true posterior
(incorporating her belief about the date) provided the parameter v is sufficiently close to
zZero.

The second result describes the relationship between private and social learning. In
Lemma |3| we show that an agent later in the queue is always more optimistic than those
ahead of her (conditional on no agent having actually observed service). In our final result
of this section, Lemma [4 we will describe how agents’ social learning varies with the
parameters N of the strategy o*(¢q, N, M) and « of the arrival process.

Consider an individual arriving at the n*® position in the queue. Her observation of the
queue length provides information about the state of the server. We use p to denote her
updated prior, that is, the individual’s posterior belief that the server is in the good state
conditional on arriving at the queue at the n'® position. We use /i’ to denote the analogous
belief based on the stationary measures of queue lengths described in Proposition 3], that
is ignoring the individual’s prior on the calendar date. If the individual were certain that
the queue had been operating long enough to be in the stationary regime she would form
the posterior belief:

HYn
1y + (1 — p)w,

(14) fin 1=

For n < min(N, M), i2 depends on n only though y,,. Because i is an increasing function
of y,, the results on the form of the stationary measure in the previous section imply
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that 0 is decreasing, constant, increasing in n for the same values of « as y, is when
n < min(N, M), i.e. for a > ay, a = ajy and a < ajy respectively.

We now turn to the individual’s private learning, or experimentation. As an individual
waits in line, she observes whether those in front of her are served or not. As soon as
service occurs, all agents currently in the queue learn that the server is in the good state
and their posteriors jump to unity. We let u! denote the posterior of the individual at
the n'" position (n < N) who has observed ¢ = 0,1, 2, ... unsuccessful service events. As
before we will use fi}, to denote the stationary analogue. From Bayes’ rule this is:

(15) /_Lt — ﬂ(r)z(l - O'/)t
o —a) -y

In Lemma 2| we show that the true posterior beliefs uf, for t =0,1,2,..., can be made
arbitrarily close to these posteriors if v is chosen to be sufficiently small. The proof of this
Lemma is given in Appendix [A.5] The intuition for the proof is that the true posterior
beliefs are an average of beliefs the agent would have formed if she knew she had arrived at
a given calendar date. As v — 0 this average gets closer to the time (or ergodic) average
which uses the stationary measure. This is aided by the simple form that learning takes in
this model: either posteriors jump to unity or they are revised downwards. Importantly
this result is independent of q.

Lemma 2 For any M,e > 0 there exists a v > 0, such that for all v < v, N < M,
qe0,1],t>0:
i, — | < e

We now compare agents’ posterior beliefs along any given queue. Those ahead of the
individual n'" in line may (for & > aJ) have been more optimistic than her when they
joined the queue because they arrived at a shorter queue. However, they have been waiting
in the queue for longer, and unless they have observed a service event, the waiting will have
depressed their belief about the server state. We show that in any given queue in which
no one has observed a service event, the most optimistic agent is the last in line. Lemma
establishes that an agent who is at the n'" position and has been waiting ¢ periods is
less optimistic that the agent at the n + 1*® position who has been waiting ¢ — 1 periods, if
neither agent has observed service. The intuition for this result follows from the nesting of
agents’ information partitions. The individual behind n in the queue has observed strictly
less than n has, so their beliefs about the state of service are an expectation of n’s beliefs.
This expectation places positive weight on n knowing that the server is in the good state.
That is, p!, is an average of 1 and one point z!;™ < 1. Such an average must be above
pttt. In fact, if one took a snapshot of the posteriors held by the agents in a queue at any
calendar date 7 the sequence of posteriors would be the realization of a martingale. To be
precise about our result, proved in Appendix [A.6, we introduce a new piece of notation:
let u!™ be the posterior of an agent who is at the n'® position in the queue at calendar date
7 and who has been queueing for ¢ periods.

Lemma 3 If u'7 <1 then ,uf;lf > ul™ for all T, n and t > 0.

n
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Our final lemma in this section describes some properties of the first in line’s steady-
state posterior, fi}, as the parameters N and « of the strategy vary. (Below we will use
the notation i} (V) to make explicit the dependence of the beliefs on the parameter N.)

In Lemma (a), we describe some properties of the informational externality for the
agent arriving at the queue in first position. For given values of M and N, there is a critical
value & such that if & > & finding herself first in line causes an agent to revise upwards her
belief about the server state: ud(N) > p, i.e. it is good news to be first in line. Whereas,
for & < @ being first in line is bad news and pud(N) < p. The intuition for this result is
that when « is large the stationary distribution in good states has a peak at n = 1, so
on observing a short line the most likely explanation is that the state is good. Conversely
when « is small, the stationary distribution in good states has peaks at n = M + 1 and
on observing a short line the most likely explanation is that the server is in the bad state.
Although the value of this threshold varies with N and M, we construct bounds on the
threshold that are independent of these parameters.

In Lemma (b) we show that, as the strategy prescribes that the first in line exper-
iment for longer (i.e. N increases) the probability of arriving at the queue at the first
position when the server is good declines. An intuition is that as N increases there is total
probability being spread over more states, so the probability of any one state falls.

Finally in Lemma [4(c), we show that although a higher N does affect the first in
line’s social learning, it still results in a reduction in the first in line’s posterior after N
unsuccessful service opportunities. As N increases there are many things to take account
of: The probability being first in line at a bad server shrinks to zero, but the probability of
being first in line does not necessarily vanish if the server is in the good state. Thus as N
increases, arriving first in line may become very good news indeed. On waiting N periods
without success, however, the posterior of the first in line is revised so far down that her
initial optimism is entirely depleted. The effect of private learning eventually dominates
the effect of social learning. All these results are proved in Appendix

Lemma 4 Suppose that N > 1 and q = 1, then:
(a) There exists a threshold value & € (0,1) such that such that for each N

B(N) > = a > a.

Where (3 —+/5)/2 < a < 2/3 for all M,N > 1.
(b) y1 decreases as N increases for all o € (0,1).
(c) i) (N) decreases in N for all N > 1/« and tends to zero as N tends to infinity.

5.4 Equilibrium with Perfect Revelation

In this section we establish that for ¢ sufficiently large, the strategy o*(¢*, N*, M*) con-
stitutes a symmetric equilibrium for some N* < M*. That is, we complete the proof
of Proposition [2] There are three conditions that need to be satisfied by an equilibrium
strategy profile o*(q*, N*, M*).

First, because for N < M the queue length reveals that the server is in the good state
to the player arriving in M position, the equilibrium value M* must equal M, the longest
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individually rational queue length defined in ([2)):

Second (Lemma , the equilibrium values of N and ¢ determine the first in line’s
posterior pY upon arriving at the queue at the first position and are an optimal policy for
the first in line given that belief. This condition is summarized by the equation

N* =N (N7),1).

Third (Lemma , given the stationary measures of queue lengths generated by the
strategy o*(q*, N*, M*), an individual arriving at the n'® position in the queue is prepared
to herd on the first in line’s actions. Reneging on the queue when the first in line reneges
is clearly optimal. As once the first in line reneges, any player behind her becomes as
pessimistic as her (adopts the posterior belief ;) and faces at least as much congestion
as the first in line did. Therefore, it is sufficient to ensure that no individual in the queue
wants to renege before the first in line’s N* periods of experimentation are completed.

The following lemma, proved in Appendix [A.8] establishes the existence of an equi-
librium number of periods N* for the first in line to experiment. The intuition for this
result comes from Lemma [{fc). There we show that as the first in line experiments for
more periods, her posterior after unsuccessful experimentation must eventually converge
to zero. This occurs even allowing for the effect which her increased experimentation has
on the stationary distributions and on her resultant belief upon arriving at the queue. The
continuity of the first in line’s posterior ul in the strategy o*(¢q, N, M) (again allowing
for the effects on the stationary distributions), then ensures that there exists a posterior
which hits the optimal exit threshold for the first in line.

Lemma 5 There exists (¢, N*), such that it is optimal for the first in line to wait N*
periods (if ¢* = 1) or N*, N* + 1 periods (if ¢* < 1) for service when all other agents use
the strategy o*(q*, N*, M) for any M > N*.

There are several points worth making about Lemma The first is that the pair
(¢*, N*) is not necessarily unique for any given M. The possibility of multiple equilibria
arises because increased experimentation by the first in line (changing the stationary mea-
sures in the two server states) results in an increased prior on the good state for the first
in line. The increased prior then makes this increased experimentation optimal. Of course
this process cannot continue indefinitely, by Lemma (c), so the set of possible equilibrium
values of (N*,¢*) is finite, but there is no clear monotonicity that ensures uniqueness.

Second, we can compare the equilibrium experimentation, (¢*, N*), with the single-
agent optimum experimentation at the original prior . We know, from Lemma (a), that
for all N > 1 and a > & the first in line’s posterior at the equilibrium is above the prior pu.
Thus optimality requires that she experiments more in this equilibrium of the game than
in the corresponding single-agent decision problem. Similarly, for values of a below &, the
first in line’s posterior is less than her prior, so she must experiment less in the game than
in the decision problem.
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Corollary 1 If m* is given by N (u,1), then: For all « > 2/3 the equilibrium strategy
o*(q*, N*, M) with N* = N(u},1) satisfies N* > m* and for all a < (3 — /5)/2 the
equilibrium strateqy satisfies N* < m*.

Before proceeding we give an intermediate result on the limiting behaviour of N* and
M* as 6 — 1 for different values of a. Unambiguously, M* tends to +oo for all a € (0, 1).
For a > 1/2, as § — 1, the willingness of the first in line to experiment also grows without
bounds, even for high values of a (at which a good server should produce service quickly
and the agents’ posteriors quickly fall quite low if no service is observed), or for lower
values of @ (1/2 < a < @) for which arriving first in line depresses an agent’s belief relative
to her prior.

For ao < 1/2, this last, “bad news” effect dominates, and limp; o y; = 0 for N > 1 so
that arriving at the first position in line makes an individual almost certain that the server
is bad, and we have N* = 1@ For a = 1/2, the effects balance out and N* tends to some
finite constant ¢ that increases with the prior u. We state our next Lemma with reference
to an auxiliary problem described, together with the proof of the Lemma, in Appendix

A9

Lemma 6 For all p € (0,1), for all « € (0,1), as 6 — 1, N* converges to
(a) 1 when oo < 1/2,
(b) +00 when a > 1/2.
(¢c)1<c¢<oowhena=1/2,

The final step is to address our third equilibrium condition and show that no individual
in the queue wishes to renege before the first in line’s experimentation has elapsed. The
next lemma provides a sufficient condition on the parameters of the model for this to be the
case. The intuition for this result follows from the following simple argument. Observing
the first in line’s decision on whether or not to renege after N (N + 1 with probability
1 — q) periods of experimentation reveals all the first in line’s information to those behind
her in the queue. So waiting for the result of the first in line’s experimentation generates
an informational benefit for later arrivals. The expected cost of acquiring this information
is less for them than for the first in line, because even if they learn that the server is
good later arrivals do not need to queue for as long as her in the bad server state. Their
expected benefit is also lower, because later arrivals have to bear the cost of congestion
parametrised by ¢. However, as the congestion becomes small (§ — 1) the discrepancy in
benefits vanishes and therefore it ultimately becomes optimal to pay the reduced cost of
observing the first in line.

Lemma 7 Given p € (0,1) and a € (0,1), there exists a § such that for all § > § and all
0 < v < u(0), when all other agents use the strategy o*(q¢*N*, M*) given by Lemma [9] it is
optimal for the n'™ in line, n =2,..., M* + 1, to play this strategy.

141n that case we also have ¢* < 1. See the discussion in the Appendix
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5.5 Other Equilibria

For the existence of an equilibrium with perfect revelation we required that ¢ be sufficiently
large. Intuitively, agents must be sufficiently patient, or equivalently the congestion exter-
nality ¢ they perceive must be sufficiently low, for them to accept taking up late positions
in the queue. As ¢ decreases, individuals are more reluctant to take up late positions in
the queue, and we can envisage an equilibrium in which no individual is willing to join the
queue at position n or greater, but in which the first in line finds it optimal to experiment
for N > n periods. In this section we illustrate the existence of equilibria with imperfect
revelation for intermediatd™| values of ¢.

At a strategy profile o*(q, N, M) with M < N, the player joining the queue at the M
position cannot learn, merely by observing the queue length, that the server is in the good
state. Therefore, the condition M* = M does not determine the equilibrium value of M,
as it did in the equilibrium with perfect revelation. Instead, M* is determined as follows:
the individual arriving at the queue at the M* 4 1st position must prefer balking, while
the individual arriving at the M position must prefer joining the queue and waiting
N*+1— M* periods (with probability ¢, and N*+ 2 — M* periods with probability 1 — q)
to obtain the first-in-line’s information.

For n = 1,..., M, the payoff from joining the line at n'" position and abiding by
strategy o*(q, N, M) is:

(16)
U*(n) :=q [(1 — a2+ po(1— a)Xz—:> 6% + il <1 —(1- a)X5X%> ¢”5w}
+(1 =) (1= 4+ (1 = )X 12 ) 65 g (1 (1 a)¥H1eX I E ) gnou

where X := N +1 —n is the number of periods the n'" in line must wait before the first in
line’s N periods of experimentation are over, and where 2= = (1— a)”’lé’—i is the likelihood

which the player who arrives at the queue at the n'" position attributes to the first in line
being uninformed for n =1,..., M.

Within each set of square brackets, the first term is the payoff to the n'" in line if she
eventually reneges on the queue, and the second term is her payoff if she is eventually
served. The first term in round brackets it the probability that the player eventually
reneges under strategy ¢*. For the first in line (n = 1) this equals the probability that the
server is bad, or that it is good but produces N failures. For the n'" in line, N =2,..., M,
this equals the probability that the server is bad; or that the server is good yet produces
N + 1 —n failures and the first in line is uninformed (the individual arriving at the queue
at the n'® position attributes probability 2, /y, to that last even).

The individual arriving at the queue at the M + 1st position could be the n'* arrival
equiprobably for all n € {M +1,..., N}. Therefore, her expected payoff from joining the

15 Notice that for § < (1+ a(w — 1))~!, the value V; of being first in line at a server known to be good
is less than 1, the value of the outside option. It is therefore optional for any individual arriving at the
queue to balk immediately and take the outside option.
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queue at the M + 1st position is

NA+1
X 1—
UM+1(N7M>3: N+1—M Z Uprpr(n, X +1),
n=M+1 n=M+1
where

) 5+ 41 (1 - (1= OZ)X(SXZ—n) M,

U]T/[H(”a X) = (1 - ﬂ?\/[-s-l + ﬂ?\/[+1(1 - O‘)X
YM+1

Ym+1
and where X ;=N +1-nand z,=(1—a)" 'y forn=M+1,...,N,N + 1.

Under imperfect revelation, the equilibrium values ¢*, N* and M* therefore satisfy the
following conditions: (1) N* = N (a{(N*, M*),1), where {(N*, M*) depends on N* and
M* via yp; (2) U*(M*) > 1 and Uy q < 1; (3) for n = 2,..., M*, the player arriving n™
in line does not want to renege before the first in line’s experimentation is completed.

Below we illustrate the equilibria of the queuing game as a function of  for different
values of a. Notice that there can be multiple equilibria for some pairs of parameters a; d.
For ¢ sufficiently high, an equilibrium with perfect revelation always exists. It ceases to
exist as delta decreases, and instead an equilibrium with imperfect revelation exists. The
transition is not sharp, and there can be parameter values at which both types of equilibria
exists.
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Equilibria in the queueing game for p = 0.99 and a = (0.7,0.5,0.3).

Finally, observe that the strategy ¢* we have studied here belongs to a broader class of
strategies which focus on particular individuals at particular positions in the queue whose
actions are informative. We will call these individuals “herding leaders”. The strategy of
a herding leader is to pick a duration for which to experiment and to renege if no service
is observed before that time has elapsed, or if someone ahead of her reneges. The strategy
of herding followers is to focus on the closest herding leader ahead of them in the queue
and to renege only when she does. So once in the queue, only a herding leader’s strategy
depends on her private learning, whereas a herding followers’ strategies depend only on the
publicly observed herding leaders’ actions. We could envisage the existence of equilibria
with more than one herding leader, but we do not analyse it in this paper.

6 Social Memory

Let us define social memory to be the average time it takes to go from a state in which
an individual arrives at the queue in first position to the next such state. An individual
arriving first in line has no way of learning from the past experience of those who have been
in the queue before her: the social memory is reset. By the standard results for positive
recurrent Markov processes, the mean return time to the sate in which an individual arrives
at the queue in first position conditional on the server being good is given by 1/y;, the
inverse of the stationary probability of that state (see for example, Brémaud (1999) p.
104). As this is something we have calculated (see we have the following result.

Corollary 2 If the server is in the good state, the social memory is

1_¢M+1 ¢ N N 1_¢M—i
i) {1+¢>Z -9 }

It is simple to see that as « approaches unity (¢ goes to zero) the social memory
vanishes, so the episodes in between social memory resets become very short. We can also
show that these become arbitrarily large as o becomes small (¢ — oo)lﬂ When this is the

16The greatest power of ¢ dominates the polynomial, this is ¢™+1(1—¢™ (¢+1)"V)/(¢—1). L'Hopital’s
rule shows that this tends to infinity.
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case it must be that most of the time everyone in the queue knows that the server is in
the good state

7 Conclusions and Further Work

The ingredients in our queueing model—individual learning, observational learning and
payoff externalities—arise in many economic and social contexts. Consider, for example,
firms that are engaged in R&D projects in closely related areas. If one firm has a success,
this is good news for other firms, since it indicates that the entire area of research is
worthwhile. However, the greater the number of firms that are competing in the area, the
less lucrative the value of any patent that the firm secures. Similar concerns arise in other
contexts, such as firms drilling for oil in the same geographical area, or lenders to venture
capitalists in a nascent industry.

Even though the nature of congestion in some of these contexts may be somewhat
differently structured, similar issues as in our model arise, and we hope that the results
derived here will be useful in analyzing these related problems. The crucial benefit of
the queuing structure is that the individuals’ information is nested: any individual has
collected strictly less information than those ahead of her in the queue.

The fundamental insight our queuing model offers to the more general question of
experimentation with informational and payoff externalities is that strategy profiles in
which individuals concentrate the social learning on certain focal individuals might result
in such nesting of information and are more likely to constitute equilibria in more general
settings.
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A Appendix

A.1 Proof of Proposition

Proof: Taking a difference and substituting for 1 gives:

0y m. 11° :/L?L_Oém — )™ nsw — _(1_M2)1/1(1_5)
(A1) Up(m+1,u,) — Un(m, p,) " (1 — ) {1/15 1 Ta(l— ) }

The term in braces is strictly decreasing in m and tends to negative infinity as m — oo.
The function U, (., %) is, therefore, strictly quasi-concave in m and has a maximal value
on m > 0. Thus, there is a solution to the problem max,,>o U, (m, x¥). The maximizing m
is described by the smallest m for which U, (m + 1, u2) — U,,(m, u2) is non-positive. This
solution is generically unique by the strict monotonicity of the braces in . Setting the
braces in to equal zero allows us to determine @

After observing m periods of unsuccessful experimentation the individual forms the
posterior belief
m pp (1 =)™ iy (1—a)m )

- that —"— = (1 .
A T T ) LA T 1=y

Using this expression and setting the braces in (A.1]) equal to zero gives us the expression
in for K the n'" in line cutoff posterior. It is optimal for the n'® in line to experiment
as long as py' > pand to renege otherwise. 0

A.2 Proof of Proposition

Proof: I) Good server under perfect revelation (N < M): We will begin by
considering the recursions which the stationary distribution of the queue lengths must
satisfy when NV < M.

Consider first the state in which the queue length is n = 1. It is possible to enter
this state if there were previously r individuals in line and more than r service events
occurred (probability o). It is also possible to enter state n = 1 if there were N or N + 1
individuals in line in the previous period and the first in line had never observed service,
was not served and reneged, causing the entire queue to renege. Thus we can write

M
Y = ZN(l — Oz)(]. — Oé(l — Q)) + Zaryr + O-/MyM—i—la

r=1

where zy is the stationary probability of a queue length N with an uninformed first in
line. The last term arises because there are M agents in line both in state y;; and in state

Ym+1-
Forn >1,n# N 41 and n < M the queue can enter state n if no service occurred

last period (probability 1 — «) and there were n — 1 individuals in the line, or if r — (n — 1)
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rfn+1)

individuals are served (probability (1 — a)a and the queue was previously in state

r. Thus

M
o= (1—0a) D a "y (1— )My,

r=n—1

The system transits to the state where the queue length is N + 1 if the queue is length
N there is no service and either: (a) the first in line knows that the server is in the good
state or (b) the first in line is uninformed but his randomising determines that she wait
one more period (probability 1 —¢). A second route to entering state N 4 1 is if the queue
was previously in state » > N and exactly r — N individuals were served. Hence

M

yvot=(L—a)yw —2n) + (1 —a)(1—g)aw + (1—a) 3 &V + (1= a)a™ gy,
r=N-+1

A little re-arranging gives

M
ynir+a(l—a)ay = (1—a) > o™ Ny + (1 — a)a™ Ny,
r=N

A similar calculation for queues of length N + 2 gives

yn+2 = (1 —a)(ynvs1 — 2nv(1 —a)(1 - (1—-a) Z oMy (1= ) My
r=N+2
or
M
ynviz+(1—q)(1—a)zy = (1—a) Z o Ny (1= )M Ny
r=N-+1

The probability that the queue is of length M equals yyr + yar11, the probability that
the latest agent arrives at the M position and joins the queue, or at the M + 1% position
and balks. An agent arrives at the M position if the queue was of length M —1 at the end
of the last period and no service occurred, or it was of length M and exactly one service
event occurred:

yu = (I — a)yp—1 + (1 — a)a [y + yar] -

An agent arrives at the M + 15° position if the queue was of length M at the end of the
last period and no service occurred:

ym1 = (1 —a) [ym +yarsa] -

Re-arranging this gives yar11 = yam (1 — a)/a and a substitution gives

yv = (1 — a)ym—1 + ey
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This completes our description of the recursion satisfied by the state probabilities
{yn}M . Tt is summarised below:

(A.2)
(M oy + aMyaren + 2n(1— a)(1 — a(l — g)), n=1.

(I-a) Zrzvinq a" My (1= a)a™ "y, 1<n<N;
(1—a) 3Ly o Ny, + (1= a)aNyy 0 — (1 — )z, n=N+1

bn=9q (=)l @ Ny + (1= @)a™ Nty — (1—g)(1—a)’zy, n=N+2;
(1-a) 27]‘\/[11 1 o My, 4+ (1 - a)aM_n+1yM+1, N+2<n< M;
(1 = )ynmr—1 + aYrrg1, n=DM.
(1 —a)a 'y, n=>M+1.

Any non-negative solution to this system satisfying Z _1 Yy, =1 is a stationary distribu-
tion.

Before solving this system we will determine the value of 2z, the stationary probability
of a queue of length N with an uninformed first in line. Because at any date 7 the arrival
stage follows both the service and exit stages, if an agent arrives in the queue at the
first position at date 7, it must be the case that the agent is uninformed: she arrives
after the last service stage, and after the exit stage at which a queue of length N or
N + 1 would have reneged. Therefore y; = z;. The probability that an individual who
arrived at the first position in the queue is still not served after N — 1 further arrivals is
(1 —a)N~1. Therefore, the stationary probability of a queue length N with an uninformed
first individual is (1 — a)¥~1y;. Following the same argument for queue lengths n < N,
we conclude that

(A.3) Zn = (1—a)" 1y, n=12,...,N.

It is now clear that the system ({A.2) is homogenous degree one.
Let us use the fact that

M M
(1—a) Z Q" y = (1= a)yn1 +a(l —a) Z a" "y,
r=n—1 r=n
to simplify (A.2):
(A.4)
a(l—a) ys +2n(1—a)(1 —a(l —q)), n=1
(1= a)Yn1+ AYny1, 1 <n<N;
(1 —=a)yn—1 +ayn+1 + a(l — a)gzy, n = N;
Yo =3 (1= a)yn +ayniz — (1 = a)gzy +a(l — a)*(1 - g)zn, n=N+1;
(1 = a)yns1 + aynis — (1 = @)*(1 = g)zw, n=N+2;
(1_()6)3/” 1+ QYpy1, N+2<H<M—|—1;
\ (1_04)0‘_1?JM, n=M+1.
We will now solve this difference equation. For n = 1,2,..., N we have a difference

equation of the form 0 = (1 — @)y,_1 — Yn + Qyns1 With the initial and terminal conditions
given respectively by the expressions for y; and yy in (A.4). The characteristic polynomial
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for this difference equation is (z — 1)(z — (1 — ) /«). For av # 1/2, it admits two distinct
roots and the difference equation admits the general solution
l-«

Yo =K+ Ho",  ¢:= ;
«

where K and H are arbitrary constants. (We treat the case where v = 1/2 in Appendix

A3)

Imposing the initial condition on this equation allows us to solve for K and gives

(-1 —a+qa)zy

+ Ho", n=12,...,N.

" 1— 2«
Substituting this into the equations above for yy, yni1 and yyio then gives:
1—a)?
v =06+ C 11— a)1 - ) + (9],
1— 2
Yn+o =HN T + %ZN [a+q(1—a)],
¢(1 — a)?

yn+s =Ho" T + v [+ q(1 = )]

1 -2«
Now let us turn to states N +2 < n < M + 1. Taking the terminal condition given
by the expression for yy; and ypr4q in (A.4) and substituting into the yy,—; equation gives

Ym—1 = (ﬁ)zyMH. Hence, y, = (a/(1 — @) 1="yp,1. Or alternatively,

yn=¢"_N_2yN+2, n=N+2,...,M+1.

Combining the two parts of the solution we get

(1—a)?(1—a+aq)zy n . ‘
i = +H¢", n=12,...,N;

Yn = (162 N((1=a)(l—q)+(q/p) +H"*', n=N+1;
(1-a)? (C; (21( —) ZN¢n7N72 +Ho", n=N+2,..., M+1;

We now substitute the value of zy into the y; equation. A re-writing of (A.3) gives

oy =(1—a)V"! (—(11__0‘31” (1—a+aq)+ H¢> ,
Hence
(N  AQ-a)e-ate)
[oq (matag)= 1-2a—(1—a+aq)(l—a)l) —Hoky,

where ky = (1 —a+aq)(1 — )V /[(1 — a+ aq)(1 — )V +2a — 1]. (ky is defined by
our assumption in the statement of the Lemma.) Substituting into the above then gives:

" — kno, n=1,2...,N;
(A.5) o= HQ 6"~k (04 259), n=N+1,
P — kN1 n=N+2,...,M+1;
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where kY = kn(1 4 q¢)/(¢ + q). This gives the final form of the distribution given in the
Lemma.

To verify that this is a legitimate stationary measure we must check that there exists a
scalar H such that the y,,, defined by , are all non-negative. The terms ynyo, ..., Yn+1
are all proportionate, so it is sufficient to check that yi,...,yn,2 are non-negative. To
address this question we will consider three separate cases.

Let a} satisfy (1 — o+ aq)(2a — 1) = (1 — )V L. (Then, o < 1/2 and afy — 1/2
as N — o0.) Furthermore, k, < 0 if @ < oy and k, > 0 if o > af,. Also ky is strictly
decreasing when o > o, with ky = 1 when a = 1/2. Furthermore noticing that for n > 1,
(1—a)"+2a—1—a™ has three roots on [0, 1] (they are 0, 1/2 and 1) and is strictly convex
on (0,1/2) and strictly concave on (1/2,1), we obtain that ¢! — ky has the same sign
as 1 — ky. We therefore distinguish:

Case .1 (1/2 < a < 1): Since 0 < ky < 1, to ensure y; > 0 we require H > 0. When
H > 0 the terms ¥, ..., ynyo decrease (since ¢ < 1), so it is sufficient to check that
Yn42 > 0. This is the case since ¢V > ky.

Case [3}2 (a} < o <1/2): Since ky > 1, from y; > 0 we must have H < 0. The
terms yi,...,yn, therefore, decrease (since ¢ > 1). It is sufficient to check that
YN, YN+1, Yn+2 > 0. The first two follow from ky > ¢™ L. To verify that yy4o > 0
full substitution for k is necessary to get an inequality that is linear in q. The two
cases ¢ = 0 and ¢ = 1 follow from the above inequalities.

Case [3]3 (« < 1/2): Since ky < 1, from y; > 0 we must have H > 0. Since ky < 0 all
Yy, are then positive.

The constant H must be chosen so that the y,, defined in (A.5)) sum to unity. Thus we
choose,

M+1
Zgb” (N +1 ¢kN—kN1+q¢Z¢” ki ¢+q;))
or
R e an o, Ll4gel— oM B (1-¢°)
H = 1_¢ ]{IN(bN kNgZ5+q 1_¢ +(1 q)kN ¢+q .

It will be convenient to cancel ¢ when we re-write the above as @D in the Lemma. After
some algebra it can be verified that for a € (0,1), H has the same sign as 1 — ky, and we

therefore have a legitimate stationary measure with y, > 0 foralln=1,..., M + 1. The
uniqueness of this stationary distribution follows from the fact that the strategy described
induces an irreducible Markov process on the statesn=1,..., M.

IT) Good server under imperfect revelation (M < N): Now the queue never
grows longer than length M even if the first in line is still experimenting, because no other
agent is willing to join a queue longer than M. The probability of arriving at the M + 15
position (and then balking) depends on whether the first in line is informed or not. If the
first in line is uninformed and there are M in line, then N — M further unsuccessful service
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events occur before the first in line exits, or N — M + 1 if she exits after observing N + 1
unsuccessful service event, which her strategy prescribes with probability (1 — ¢). If the
first in line is informed there can be infinitely many unsuccessful service events. Therefore:

N-M 0o
YM1 = ZM Z(1—Oz)"jLzM(l—q)(l—oz)N’MJrl M — ZM Z (1—a)
i=1 i=1
Simplifying:
l-a N-M
(A.6) Y1 = (ym — zm(1 — @) (1—a+qa)).

The probability of arriving at the first position equals the probability of a queue of length
1,..., M clearing plus the probability of an uninformed first in line reneging after having
observed N or N + 1 unsuccessful service events:

M
(A.7) Y =21 = Za’”yr+aMyM+1—I—zl(l—a)N(l—a+qa).

r=1
For M < N, the probability of arriving at the n'® position satisfies the same recursion as
for N < M:

M
(A.8) g =1—a) Y oy + (1—a)a™ My, =2, M,

r=n—1
and the probability of arriving at the n'® position and the first in line being uninformed is
(A.9) Zn = (1 —a)" 1z, n=2,...,M.
The recursion gives the same difference equation as before
yn:ayn+1+(]‘_a)yn—17 n:277M7

which, for a # 1/2, admits the same general solution y, = K + H¢" as previously. (We
treat the case where o = 1/2 in Appendix [A.3]) Rewriting the initial condition by
substituting for y,, we obtain:

Y1 = yg+zl(1—a)N(1—a+qa).

l—-a
Imposing this on y,, = K + H¢" we obtain:

1— )Nl —
yn:( a)l (2 a+qa)zl+H¢”, n=1,..., M.
— 2«

We use z; = y; to solve for H in the expression above to obtain:

Pt —ky

=1,...,M;
1_kN ) n ) ) 3

Yn = 21
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where ky is as defined previously.
Using this expression for n = M together with the terminal condition (where we
use to simplify zj/) then gives

oM — kyo!

:Z s
YMm+1 1 1— kn

and
2 M —ky
11—« 1—kN ‘
M+1

Finally, imposing the condition that > "y, = 1 we get

M-1 M.
(A.10) 1= _ZlkN (Z (0" " —kn) + ¢—N> )

YMm + Ym+1 =

l—«

which simplifies to

(A.11) R <1 A

T 1Ky \ 1-96

This determines the last part of the solution.

We now verify that all the y, are non-negative. For 2 < n < N + 1, we have that
1<¢nl < oMl whena<1/2and 1> ¢" ! > ¢V when a > 1/2. So for all admissible
values of a € (0,1), " — ky lies between 1 — ky and ¢+ — ky. We have seen in
the treatment of M < N that these two expressions have the same sign for all admissible
values of a. It follows that (¢" ' — ky)/(1 — ky) is positive for all admissible o € (0,1).
So it is sufficient to verify that z; > 0.

From we have that z; > 0 for o < aj, because ky < 0. In the term
in brackets is a sum of positive terms for @ > 1/2 and a sum of negative terms for
ay < a < 1/2. It therefore has the same sign as 1 — ky when o > a} and so z; > 0 also
for a > a’,. Hence we have derived a legitimate stationary measure when M < N.

—m«M+¢*0-

ITT) Bad server:
We conclude by deriving the stationary distribution conditional on the server being in

the bad state. For M < N the transition equations are: w; = -+ = wy and wyy; =
(1 — qwy. For N < M they are: wy = -+ = wy and wyp1 = (N =M + 1 —qwy. In
each case the result follows from the requirement that the probabilities sum to 1. O

A.3 Stationary distribution for a = 1/2.
Lemma 8 Let « = 1/2. For N < M, the stationary distribution of queue lengths is

2(2N+1—(n—1)(1+q))

(M+1)2N+2f<(1+q)N(2M7N)+1)74(M7N+q)’ n < N,

- 2(2V 1 —N(1+9) ) —4q

In =\ I (g NEM-NTDA(M—Ntq’ T N +1,
2(2Y 1 N(1+q)) 4 n>N+2

(M+1)2NF2-(1+q)N(2M—N+1)—4(M—N+q)’
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For N > M, the stationary distribution of queue lengths is

2(2N*1—(n—1)(14q))
Y = (M+1)2N+2—(14q)((M+1)M+2)”
n 2(2NH1—(M+1)(1+9))
(M+1)2N+2—(14q)((M+1)M+2)°

n < M,
n=M+1.

Proof: We now derive the stationary distribution of queue lengths n = 1,..., M +1 for the
case where N < M, by solving the system of difference equations in for the case where
a=1/2. Forn=1,2,..., N, y, solves the difference equation 0 = (1—a)y,_1 —Yn+Yn+1,
whose characteristic polynomial, (x—1)(z—(1—a)/a), admits a unique root when av = 1/2.
We therefore obtain the general solution:

Yo = K +nH.

Imposing the initial condition, given by the expression for y; in (A.4), on this equation,
we solve for H and obtain:

1
yn:K—nzNZ—l(l—i—q), n=1,2,...,N.
Substituting into the expressions for yy, yn+1 and yyio in (A.4) respectively, we obtain:

1 1
ynve1 =K — (N + 1>ZN4_1(1 +4q) — ZN§Q7

1 1
yny2 =K — (N +2)zn—(1+q) — 2nv~ (1 —q),

4 4
1 1
Yniz =K — (N + 3>ZNZ(1 +q)+ ZN§Q'

The terminal condition, given by the expression for yy41 in (A.4), gives yar = yar41, and
from the expression for y, when N +2 <n < M + 1 in (A.4)) we obtain that:

Ym+1 =Ym = - = YN+3-
Substituting the expression for y; into zy = (1 — )V 1y, gives:
oy =CK, (= m.
Imposing that the y, sum to unity:
N M+1
1= Zyn + Yn+1 + YUns2 + Z YN+3,
n=1 n=N+3

and solving for K we obtain:

K= M+1- gé(]\/' +3)(2M = N)(1+q) + C%(M N —2)g— Qi(l o).

The resulting stationary distribution of queue lengths when N < M is described in the
above lemma. (The case N > M can be analysed in a similar fashion.) O
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A.4 Proof of Lemma [

Proof: Let 7,y denote the probability of moving from state s € S to state s’ € S under the
Markov process followed by the queue in the good state. Also, let w3 = {mss }ses € A(S)
denote the probability distribution of tomorrow’s state s’ € S conditional on today’s state
being s. Finally, let s* denote the queue state where there is one uninformed individual in
the queue at the end of the period.

We can bound the distance between two distributions 7 and 7, in the following way

Z ’ﬂ-ss’ - 7Trs’| < ‘77'53* — Tps*
s'eS

+ (1 — Tosv) + (1 — mps0), Vs,r e S.

(This upper bound follows by separating out the s’ = s* term and then realizing that
the remaining terms would be maximised if the support of 7, and =, only had the point

s* in common.) Without loss of generality, suppose that mee > m.e+. If this is so, then
substituting |mss — pgx| = Tger — T We have

1
|ms — || := 52 [Ter — M| <1 — T <1 —aM, Vs,r € S.
s'eS

The final inequality above follows from the construction of the service process: moe > a™
for all s € §. The extremes of the above chain of inequalities imply that the Dobrushin
Coefficient of this process is less than 1 — o™. The Lemma then follows by Theorem 7.2,
p.237, of Brémaud| (1999). O

A.5 Proof of Lemma [2

Proof: Individuals have the prior p that the server is in the good state and the prior
v(1 — v)" that they have arrived in the system at calendar date 7. Let y7 (respectively
w’) denote the probability that the individual arriving at calendar date 7 finds herself at
the n'® position in line, conditional on individuals using the postulated queueing strategy
and the server being good (respectively bad). She would then attach probabilities

v(l—v)Ty, = up,

NE

1
0

3
I

v —v)w] = (1-p)f

hE

(1 —p)

Il
=)

T

to the server state being good or bad.
Recall that y,, denotes the stationary probability of queue length n in the good state.
The following calculation shows that |3} — y,| — 0 as v — 0.

o

o = Bal < D vl =) yn — v

7=0
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IN

iy 1—v)"(1—=a™M)"
7=0

= (1—(1—y)(1—aM)%0 as v — 0.

Where the second inequality follows from Lemma [l} (Note the rate of convergence here is
independent of q.)

Recall that w,, denotes the stationary probability of queue length n in the bad state.
We now prove that |w, — 2] — 0 as v — 0 at a rate that is independent of q. The
sum Z ", w; is the expected number of times the queue has length n in over the periods
t,...,t+ N. In N + 1 consecutive periods, state n < N must be visited at least once and
can be visited twice if the initial state is n and state N + 1 was not visited. This gives the
two equalities:

t+N t+N

(A.12) Zw; =1+ qu’, Z wr=1—(1- q)wf;fl;

T=t T=t+1

(the second inequality uses the fact that w! = wf:_fl.) We can use these to re-write 2. Let

S’r(lN+1)T — W Zt 0(1 . I/)t (N+1)T+t then

BZ _ (1 _ (1 _ I/)N+1) Z(l _ V)(N"rl)TS?sN'i‘l)T

7=0

0o N+1 T+t N (N+1)7+t¢

= (1—(1-p)™) Z YAN+DT Zt oW 1 [ g@nr Do W
N +1 " N +1
Now observe that S¢¥ 7 — ﬁ iv Ow(N+1)T+t as v — 0 and the order of convergence
is o(v). We then can substitute from (A.12) to get
2 N1y v+ L4 wy T
_ + +
O ARDY (R I o)
1 q . .
(A.13) = ¥ 4 N+1(1_ y)NF Z N+1 (N+1) +o(v)
7=0

By taking blocks of length N and making a different substitution from (A.12)) we can also
get

(A.14) Bi= 1= (1= )%) (1= )" w4 o)

When ¢ = 0 or ¢ = 1, and are sufficient to prove that |32 — w,| — 0 as
v — 0. However, for ¢ € (0, 1) more is required.

Now we apply similar reasoning to Lemma [1| for the stochastic process followed by the
queues in the bad state. Consider a queue starting in state n and another queue starting
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in state n’ > n. In (N +1)(n’ —n) periods the queue starting in state n will be in state n’
if it never visits state N + 1. In the same number of periods the queue starting in state n’
will return to state n’ if it always visits state IV + 1. The first of these histories occurs with
probability ¢~ the second occurs with probability (1 —¢)™~". Thus after (N +1)(n' —n)
periods the initial states n and n’ will be in the same state with at least probability g”'_”;
where ¢ := min{q,1 — q}. Hence after N(N + 1) periods there is at least probability ¢
that any two initial states result in the same current state. By Dobrushin’s result we then

have that
N+1

(A15) Z ‘wé\/(N—i-l)t _ wn’ < (1 _ qN(N—&-l))t'
n=1

Finally, we consider |3} —w,|. We begin by doing the case where ¢ > 1/2s0 ¢ =1—g¢.
A substitution from (A.14) and w, = (N +1 —¢)~! gives

e}

il € - 0= =) | el o)
< -0 2(1 —)NTE (L= MO o)
< -0 == e I g
< egv(f 1+_1)q) (1-(1=»)") 2 ¢ _T'ANT +o(v)
_ _%(1 — (1= )M log(1 = (1= 1)) + o(v)

The second inequality here substitutes from and introduces the constant K to
accommodate the fact that applies every N (N + 1) periods but we wish to bound
every N + 1 periods. The third inequality uses the fact that 1 — 2z < e™®. The forth
inequality follows as ze™® < e~! implies (1 — q)e” =07 W+ < (N +1)/(re) for 7 > 0
(the 7 = 0 term can be included in the o(v) factor). The final equality evaluates the sum
G(z) := Y72 ™ /n by observing that G'(z) = 1/(1—x). Hence we have that |5%—w,| — 0
as ¥ — 0 independently of q.

The final step is in this proof is to apply the convergence results. The individual’s true
posterior upon arriving at a queue at the n'® position satisfies

MO _ Mﬁ%
TopB (1)

We now compare this posterior to jil, the posterior based on the stationary distributions:

1Yn B 1By
WYn (1 - N)wn ,U/ﬁ% + (1 - N)ﬁg

| — o)
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1Yn B 15, 15, 15,

+'uﬂ%+(1—u)wn - uBl+(1

— 1) B2

ey + A= pw, pBy+ (1= pw,
_ N(l_ﬂ)wn‘yn_ﬁrlz‘ i Nﬁl(l_ )|wn_62|
(yn + (L = pwn) (B + (1 — pwy) (B + (1 — pwn) (B + (1 — ) 53)
< H’|yn_ 1| + (1_ )lwn_B2|
- (Mﬁl (1—p) n) (1B + (1 = pw,)
< | — B, |+ \ w, — B2

61

— 0 asv —0.

To perform this calculation for individuals who have been in the system for ¢ periods,
ie. for |ut — ft], it is necessary to account for an individual’s learning from observing
the behaviour of others and service events. Given the postulated strategies, an individual
either depresses her belief because no service occurs, or become certain that the server is
good (when service occurs or the first in line does not renege after N unsuccessful service
events). When the individual is certain that the server is good, uf, = 1, and then also
it = 1 and the bound holds. When the individual has observed no service for ¢ periods it
is necessary to multiply £; by the factor (1 — «)" to determine the updated posterior p’:

pBi(l —a)t
pBi(1—a)t + (1 —p)By

The same factor multiplies uy, in jif, (see (L5)). Hence the bound above applies to |u!, — it,|
for all t. As the bound is a continuous function of v the result follows. O]

(A.16) o, =

A.6 Proof of Lemma [3

Proof: An individual’s beliefs at calendar date 7 about the state of service are an expec-
tation: ufT = E(Lgooa | RI_;), Where Lgooq is the indicator function for the event that the
server state is good and h7_, describes the t periods of history that the agent who is in n'®
position at date 7 has observed if she has been queueing for ¢ periods. (The history h7_,
must be consistent with the n'" agent arriving at date 7 — ¢ and still being in line at date
7.) Notice that the n 4+ 15 agent in line at date 7 has observed strictly less information
than the n'™ in line (the history h7_, observed by the n'® in line includes the entire history
hT_,.,, observed by the n+1*" in line plus what the n'® in line observed in the period before
the n 4+ 1°% arrived). By the nesting of the information sets we have

MfwrllT = E(]lgood | h:—t—i-l) = E<E<1good ’ h:—t) | h:—t—i-l) ( ’ hr t+1)

for any history consistent with the n'" agent arriving at date 7 — ¢ and still being present
at date 7.

For n < N + 1, the variable u’7 takes only two values: unity and p!, < 1 defined in
(A.16)). (It takes thls value if the n' in line has learnt nothing from others and has revised
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downward her beliefs as a result of waiting for service.) Thus if we re-write the extremes

above we have

fot = 1m(hT_y ) + (L= 7(h]_y 1)),
where 7(h7_, ) is the probability the n+ 1% in line attaches to the n™ in line being certain
that the server is good. If p!™ < 1, then hZ_, does not contain a service event. Therefore
(i) by the nesting of information sets, neither does h7_,,; and w(hI_,, ;) € (0,1), and (ii)
pt™ = ut . Then a substitution and a rearranging of the above gives:

fost = by = () (1= p1) > 0.

which proves the result. 0

A.7 Proof of Lemma {4

Proof: Part (a):
Assume that M > N > 1 and ¢ = 1. From we have that ¥ < p if and only if
Nyi < 1. A substitution from (9) and gives

L—¢ k SN _pM+1
B O o A G 1o v
Ny N(1— ky)
N=1 i N _ pM+1
_ = @ — 1) (1 e
N(1 —ky)
PN —pM+1 1—gN+1 No11—gf , N
A -9 (1 N (1—¢><1+¢>N> ~2iz0 T (1 —o+0 (m) )
A7 = 1
(A.17) ¥ .

(To get the final line we substitute ky = ¢V /(oML + (1 — ¢)(1 + ¢)V), when ¢ = 1.)
Notice that the first term in the numerator is positive for all ¢ > 0, because: M > N and
(1+¢)N > Zi]\;() ¢'. Thus a necessary and sufficient condition for Ny; > 1 is that

N-11—¢' oVt
(Zi—o [ ) L=+ amm _,

(A18) ¢N_¢M+1 1 N 1_¢N+1

-6 1-9)(1+o)N
We will show that the left-hand side of (A.18)) is decreasing in ¢ until it becomes negative

and then stays negative for all larger ¢. Therefore, there is a threshold value of ¢ such
that (A.18) holds iff ¢ is below the threshold.
First consider the quotient in parentheses in (A.18). This can be written as

N—-1 —1 j
DRI P
SN g

The denominator is increasing in ¢ and the numerator is decreasing in ¢, so the term in
parentheses in (A.18]) decreases in ¢ for all ¢ > 0.
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Now suppose ¢ < 1 and consider the second fraction in (A.18)). The numerator equals
1= 37 [¢/(1 4 ¢)]" > 0, which decreases in ¢. The denominator of this fraction has the
derivative (in ¢) equal to

N 1+¢N_N,11—¢N

1=0)A+¢)N [ 1+¢ 1-¢

Notice that (1+¢™)/(1+¢) > (14 ¢~ ~1)/2 (with equality for N = 1 and strict inequality
for N > 2) and (1 + ¢V "1)/2 > Zi]\;l ¢'/N (with equality for N = 1,2 and strict
inequality for NV > 3). Therefore, the difference above is non-negative and this derivative
is non-negative when ¢ < 1. Hence we have shown that the second fraction in (A.18))

decreases when ¢ < 1.
Now suppose ¢ > 1. We write the second fraction in (A.18) as

(1= 0)(1+0)" + o

—N+1
(1 + gb)N —1 1¢,¢

The denominator of (A.19) is an n*® order polynomial in ¢ with positive coefficients so it
is increasing in ¢. The numerator of (A.19)) has a derivative in ¢ that equals

, 1_(%)N—1

I

(A.19)

—(1+ )N (N+1) +1—-N

The term in braces increases in ¢, thus it is smallest when ¢ = 1. Evaluating these braces
at ¢ = 1 gives 2(1 — (N + 1)27Y) which is positive for all N > 1. Thus this derivative is
strictly negative. It follows that decreases when ¢ > 1 until the numerator becomes
negative at which point remains negative for all greater ¢.

When M < N substitutions from (1)) and ((10)) give

1 S k(M4
(M+1)y (M +1)(1 —ky)

Yino(¢' = 1) + k(197
M+ 00— k)

When ¢ < 1 (and ky < 1) the top of the fraction is negative, so y; > 1/(M + 1) and
y1 > 1/N unless M = N. Thus for all ¢ < 1 we have that gy > p. When ¢ > 1 and
kn > 1 the top of the fraction is positive and the bottom is negative so still y; > 1/(M +1).
When ¢ > 1 and ky < 0 then a substitution for ky gives

A.20 —:M+1—<—> — l—¢+¢| ——
Differentiation with respect to ¢ (and abbreviating the summation to ¥ and the final
parenthesis to A) gives

N[ ¢ \V o \' N[ o\ om
?(lm) ”_E(lm) ”E(lw) "9
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As A is negative (when ky < 0) we have a lower bound on this derivative

¢ N N ¢ N+1 1
2(“(@))*5(@) P‘ﬂ”’ o=l

Thus 1/[(M + 1)y;] increases in ¢ when ky < 0 which is what we need to show.

The lower bound on & follows from observing that the left of is negative iff
1— ¢+ ¢(p/(1+ ¢))N < 0. This is decreasing in N so tightest when N = 2, giving the
inequality 1 + ¢ < ¢?. The upper bound on & follows from the observing that (when
« > 1/2) the unbracketed term in is bounded above by 1 — ¢ hence when o > 1/2

a sufficient condition for (A.18) is
N—1
Z 1_¢z > ¢N ¢M+1'
i=1

Letting M — oo and setting N = 2 gives the sufficient condition ¢ < 1/2. The upper

bound then follows.
Part (b) Assume that M > N > 1. From (A.17) we get

l_ ¢N_¢M+1< - 1_¢N+1 )_N—ll_éi - ( é )N
AR el Gl i) AP DR el Rt b

Ny ¢N—¢M“( I A )_ ( ¢ >NN‘11—¢1‘
2 Uraaarar) \ive) 21

=0

M N N-1 ;
B ; ¢N_¢M+1 1_¢N+1 ¢ 1_¢z
‘§¢‘ ¢ <1—¢><1+¢>N‘¢(1+¢) Zgl—¢

B 1— ¢M+1 1— ¢z 1— ¢M—N+1 1— ¢N+1
=g <1+¢> {d)Z -9 1—<z>}

We now focus on the term in braces this equals

N

ASS ‘

[1—¢+<N+1)¢ oM™ N“Z¢>]

Hence

1_1_¢M+1 ¢ N N 1_¢M—i
(A.21) P —(1+¢) {1+¢¥—1_¢ }

We now study how this changes as IV increases, so let us write

1 o \"
yl(N)KM_(1+¢) H:
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Then

1 1 e\ B 1
n™)  m 1) (1+¢) (HN* HN+HN_1¢) =0

(A substitution gives the sign.) When M < N we have from (A.20)

A.22 — = e | ——
( ) (70 ;gb (1+¢> +¢;¢—1

This implies y; decreases as N increases.

Part (c): To show that 1YY to decreases in N it is sufficient to show that N(1 — a)¥
decreases in N as y; decreases in N from part (2). But N(1 — a)" decreases in N for all
N > 1/a. Finally, (1 — o)y, will converge to zero as N increases because y; < 1. 0

A.8 Proof of Lemma [5l

Proof: In Proposition , @ defines a map from priors p € (0,1) to the optimal waiting
time, m* € Z., for the first in line

i oo ()]

This is an increasing step function from (0,1) to R, that jumps upwards and converges
to infinity as u — 1. Define m'(1) to be the staircase correspondence, from (0,1) to R,
that includes the intervals where m* jumps and everywhere else equals m*. Finally, let f
denote the inverse of mT, that is f(x) := {u : z € m'(u)}. On can interpret f(z) as the
set of priors for which the optimal time to wait is . (Waiting a non-integer time indicates
that both the of the two nearest integers are optimal.) The correspondence f increases in
x and f(0) is the interval of priors [0, u] and as = tends to infinity f(z) — 1. Where u is
the largest prior for which it is optimal for the first in line to wait zero periods B

1-9
£= da(w—1)

We now define a second function that maps R, to [0,1]. For z € R, consider the
strategy o that sets N(x) = |z] and ¢(x) = x — |x] (where [z] is the greatest integer
less than or equal to x) and otherwise satisfies the properties of Definition . The strategy
(N(x),q(x)) determines a good-state stationary measure, y(x), by Proposition |3 and a
value for i} (z), the first in line’s beliefs after n periods of unsuccessful experimentation
given this stationary distribution. As ¢ varies so y; and fi; vary continuously (by and
(9)), hence zz}(z) is a continuous function from R to [0,1]. We will consider the function

glo) =i (a),
that is, the first in line’s posterior after N(x) periods of unsuccessful experimentation
when the stationary distribution is determined by the strategy (N(z),q(z)). This is also

40



continuous in z and, from, Lemma [4c), we have g(z) = 0 as z — oo and p = g(z) for
any © < 1.

If 4 < [, it is never optimal for any agent to wait for service to arrive and the equi-
librium consists of zero queue lengths. If 1 > i the continuous function g(x) lies above
f(z) for = 1 but lim, o g(z) — f(z) =0 —1 < 0 by Lemma [d|c). The function g(z)
is continuous and the correspondence f has a closed graph on (0, 1), so there must exist
2* > 0 such that i) = f(2*). If 2* is an integer (z* = N(z*)) this says, if the first
in line had prior x?(x*) and after z* periods of unsuccessful experimentation it would be
optimal for the first in line to leave. If z* is not an integer (N(z*) +1 > z* > N(z%))
the intersection must occur on a flat portion of f and on such a segment (at the prior
f(z*)) the individual is indifferent between engaging in N(z*) + 1 and N(z*) periods of
experimentation. Thus in both cases the first in line’s strategy is optimal given the derived
beliefs.

Finally, observe that the previous calculations ignored the first in line’s priors about
timing. By Lemma [ this moves the function g(.) by at most € and will move the point
of intersection, z*, also by at most e. 0

A.9 Proof of Lemma

Assume that ¢ = 1. We are interested in the behaviour as 6 — 1 of equation (@ which
determines the equilibrium value of N:

N = N(#(N), 1)

1—a)(N) (1 -09) ﬂ
M(N)  alyréw—1)) |,

& N = [(log(l —a)) 'log (

Looking at the continuous version of this (i.e. assuming that both N and M belong to
R+), and taking the exponential on both sides, we get:

v _ Lo ARY) (1 =)
RN) a(yrow—1)

Simplifying the last term, and substituting the expression for ji{(/N), we obtain the follow-
ing, auxiliary problem:

(1-

1—p @i (N)
A.23 1—a)V = A =: f(N,«a,9),
(A2 (1= o) = A T e f(V.0.0)
where A := W‘fa)_l and y;(N) and z;(N) are the stationary probabilities defined in

Proposition 3] We can now turn to the proof of Lemma [6]

Proof: (Existence) We begin by establishing that for any « € (0,1), or equivalently for
any ¢ > 0, (A.23]) admits a solution N*(9) if § is sufficiently large. We first show that for
any d, as N — 4oo the left-hand side of (A.23)) tends to zero faster than its right-hand
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N 1— ¢>M+

for ¢ # 1, and

= 0, and limy_, 4 S

side. Because limy_, o N(1 — «) y1(N)

(M + 1) for ¢ =1, we obtain that indeed,

1-p 1
| ANy1(N)
(I —a)¥

On the other hand, for N =1 and for all ¢ > 0, we have that y;(1) = 1 so that f(1,«,6) =
I_T“A. Since A is decreasing in ¢ for § > (1 — a + aw)™!, for all @ € (0,1) and for all
p € (0,1), there exists a §; > (1 — a + aw) ™! such that V§ > 6y, f(1,a,6) < (1 — ).

By the continuity of f(N,a,d) and (1 — a)”, and by the intermediate value theorem,
equation therefore admits a solution N*(J) for all § > ;.

lim
N——+oco

(Lemma [6] (a))Let 1/2 < a < 1, or equivalently, let 0 < ¢ < 1. We now turn our
attention to the limit of N*(§) as § — 1. For any p € (0,1),
l—p 1 .. A

fm f(N,@,0) = —= & lIm

Unambiguously, we have that lims_,; A = 0. Furthermore, for ¢ = 1, for all N € R*,

Ty (V) = L%qﬁ (1—<1+¢N> (ﬁ) )] ,

which belongs to (0, 1] for all N € R* and for all 0 < ¢ < 1. Therefore, lims_,; f(N, o,0) =
0 for all N € R*.

We conclude that, by the continuity in N of both (1 —«)" and f(N, a, ), the solution
N*(9) to the auxiliary problem tends to +00 as § — 1, establishing Lemma 6] (b)

(Lemma [6] (b))Let 0 < a < 1/2, or equivalently, ¢ > 1. For any u € (0, 1),

1—p 1 A
li N = —— — lim .
51—I>I}f( @,9) p N s-19(N)

Furthermore, for ¢ = 1, we can rewrite:

1

—1
M+1
:b [—Qb + K+9}:| s

(A24) niv) = |

N
Whel"e/i'121—(1+1¢) 11 3 - and ¢ —1—(1+¢N)<1+¢>

First note that lims_,; f(1,,d) = 0 since y1(1) = 1 so that lims_,; —2= ( 5 = = 0. We now
establish that, for all N > 1, lims_,; f(N, @, d) = +o00. For N > 1, we have that 0 <k < 1
for all ¢ > 0, and that |0] < co for all @ > 0. From (A.24), and since lims_; A = 0 and
lim;s_,; @M+ = 400, we therefore have that:

A

1 _ M+1
b W(N) T 1- ¢}sl§iA¢
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As § tends to one, we can approximate A by (1 —d)[a(w — 1)]~!. Similarly we approx-
imate ¢M*! by gbﬁ so that:
R
alw—1)
which tends to +00 when 6 — 1. This is because lim. ,oelne = 0 so that (elne +1n¢)/e,
and therefore € ¢/¢, tend to +oo as € — 0.

A¢M+1 ~

Evaluating the derivative of f(N,a,d) at N =1, we obtain:

D v g {(«zﬁ “Uln(l+6) -] 1 glm(+¢)—Ing
ON 1+ 0)(1— 97 1 o1

The term multiplying ¢**+! is positive for ¢ > 1. Therefore, as 6 — 1 so that M — +o0,
we have that % (N,a,5)|N:1 — 400.

Finally, observe that for 0 < a < 1, the left-hand side of is strictly between
0 and 1 — . From this and the limits of f(V,«,d) and % (N,a,(i)}Nzl as 0 — 1, we
conclude that the solution N*(J) to the auxiliary problem is unique and tends to
one as 0 — 1, establishing Lemma |§| (c). Notice that this solution requires that the equi-
librium value of ¢ be in (0, 1).

0

N=1

We have just established that there cannot be an equilibrium with N < M for the case
0 < a < 1/2. This is because M — oo as delta — 1, so that for N > 1 we have that
y1(N) = 0: an individual arriving first in line becomes almost certain that the server is in
the bad state. Therefore we cannot have N > 1 in equilibrium, since this would give the
first in line a payoff of 8V < 1, and she would be better off balking from the outset.

For N = 1 and ¢ = 1 the queue can never grow longer than 1 and we have that
y1(N) = 1: arriving at the first position in line provides no additional information and
each agent optimises on the basis of her prior belief u. As § — oo however, her willingness
to experiment grown without bound, and N = 1 cannot be an equilibrium either.

For N =1 and ¢ € (0,1), 4 is a continuous, increasing function of ¢ and takes values
between 0 and p. The equilibrium value ¢* solves 1 = N (u*, 1) and Uy (1, pu*) = Uy (2, u*),
where p* denotes 11](g N a)=(¢*,1,Mm)-

(Lemma [6] (c))For o = 1/2, we have
(N)  MENT—2(N+1))+ 2V — 24+ N(N + 1)

yl(N) N2N+1

so that

2N+l 2 L N(N +1 1 2N+HL _2(N 4+ 1)\ 1 — 2(1 —
v ) FNN 1) In(ow) (N4 1—p 21-0)
N2N+1 In(2 —9) N2N+1 po S(w+1)—2
We are interested in the limit of f(NN,1/2,0) as 0 tends to one. Since M tends to
infinity, while A tends to zero, we simplify:
In(ow)  2(1—9) 1—p 2V —2(N +1)
In(2—-90)d(w+1)—2 1 N2N+1

(lsirrif(N, 1/2,6) = lim

o—1
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We obtain the limit of the term in curly brackets using I’'Hopital’s rule, so that

. 2lnw 1 —p 28T —2(N + 1)
0729 = L B

Therefore, in the limit, the auxiliary problem becomes

21 1—p 2N 2(N 41
(1/2)" = nw 1 ]\El—k )
w—1 u N2N+

A solution N* to this problem sets the ratio

2Inw 1—p 28V — (N +1)

(A.25) o ~

equal to one. The ratio’s derivative with respect to IV,

2lnw 1—p 2¥In2 - 1)N — (28 — (N + 1))
w—1 p N2 ’

is strictly positive whenever 2V[N In2 — 1] > —1. This inequality is satisfied for all N > 1
since the left-hand side is strictly increasing in N, and strictly greater than 2 when N = 1.
The ratio in is therefore strictly increasing in N. Moreover it is easy to see that
this ratio is equal to zero when N = 1, and tends to infinity when N — +o00. We therefore
conclude, by the intermediate value theorem, that the solution N* to the limit of the fixed
point problem as 6 — 1 exists and is unique.

In fact, N* solves:
1-p
2N —1= <1+ 21’;w> N.
w—1

The right-hand side is increasing in pu. For any g < 1, the slope of the right-hand side
is finite and N* is finite. For g — 1, N* — oo. For u — 0, N* solves 2V —1 = N, i.e.
N*=1.

N* for 6—»1 and a=1/2

27

157

10|
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A.10 Proof of Lemma

Proof: We begin by showing that, based on lemma [6], it is indeed the case that, as § — 1,
the equilibrium values of N and M satisfy our assumption that M > N. Our assumption
is satisfied for @ < 1/2, where we have established that the equilibrium value of N is finite,
whereas M goes to infinity. We now show that it is also satisfied when o > 1/2.

We begin by showing that ¢ — 1 forn = 1,...,N as 6 — 1. For 4 close to 1,
approximating y; (V) by:

o[ -o-on(e2) )]

we can approximate the equilibrium condition, N = A (u{(N), 1), by (1 —a)" = G(1-9),
for a constant G independent of §. Because 1 — ¢ = (1 — §)¢yp we have:

NPV

o
(Here we approximate log 1 by ¢ — 1 which becomes arbitrarily good as 6 — 1 or ¢p — 1.)
Letting § — 1 or N — oo the right above tends to zero so ™ — 1 as § — 1. Since
1 > 9™ > ¢V we have proved our claim. In contrast, ™ — 1/w < 1asd — 1. A
consequence of this is that M > N for all ¢ large, and our assumption is discharged.

logyN = Nlogp =~ N(1p —1) = —=N(1 —8)¢p = —N(1 — )

We will now show that deviating from the strategy o*(¢*, N*, M*) is suboptimal for
the n' in line, where n = 2,..., M + 1. First observe that reneging when the first in line
reneges is always optimal for arrival n > 1. When the first in line reneges the n'® in line’s
posterior on the queue state equals the first in line’s (as their information sets are nested).
If it were optimal for the first in line to exit and get the payoff 1 those behind her in the
queue strictly prefer to exit as their value to waiting in the good state is strictly less than
the first in line’s value. Second, observe that those who arrive in place M* >n > N* + 1
strictly prefer to wait for service because they know the server is good. Third, observe
that M* = |mathcal M ensures that it is suboptimal to join longer queues.

It remains to check that no n'" in line (for n = 2,..., N* + 1) prefers to renege before
they observe the first in line reneging. As before, we begin by assuming the posteriors
are determined ignoring the prior information on the calendar date. We will show that
each possible deviation from the strategy o*(¢*, N*, M*) reduces the expected payoff of an
individual arriving n** in line.

First, we describe the n'"-in-line’s payoff, for n = 2,..., N* + 1, from deviating from
her equilibrium strategy and reneging before she observes the first in line renege. The n'®
in line may have to wait until just before the N* + 25 arrival to observe the first in line
renege, so early renege can occur after m = 0,1,..., N* —n + 1 periods, although the
first in line may also renege in the last of these periods with positive probability. In (4))
we defined the n'P-in-line’s expected value of reneging after m unsuccessful service events
(and waiting if service is observed) assuming there was no social learning.

1 =0
Un(m, i) = i | =—28™ 4 mwd — (1= a)"8" (4w — 1)

n
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If the n*® in line reneges in periods m = 0,1,...,N* — n there is no social learning,
because the first in line never reneges until just before the line reaches length N* + 1.
Thus, U,(m, ii’) equals the n'-in-line’s expected payoff if she chooses to deviate from her
equilibrium strategy and renege at m = 0,1,..., N* —n. If the n'" in line chooses to renege
at m = N* —n + 1 and the first in line has not, then there is social learning because the
first in line’s decision whether to renege or not is informative about her posterior belief.
The social learning (from seeing the first in line not reneging) would lead the n'" in line to
revise upwards the probability she attaches to the server being good. Thus the expression
above overestimates the payoff from reneging at m = N* — n + 1 by omitting the benefit
of this social learning. Hence U,(m, %), forn =2,... ., N*+1land m =0,...,N* —n+1,
is an overestimate of the payoff from early reneging at this equilibrium.

To verify equilibrium we will show that U, (m, i), for n = 2,...,N* +1 and m =
0,...,N* —n 4+ 1, is less than what the n'® in line expects to get by reneging if and
only if the first in line does. We will use a lower bound for the payoff to abiding by the
equilibrium by assuming that the first in line experiments for N*+1 periods with certainty,
and then reneges (rather than reneging with positive probability after N* unsuccessful
service events); that is, we consider the case where ¢ = 0.

Assume that the server is in the good state and let A, be the n'" in line’s expectation
of the payoff she will obtain once the queue has reached length N* + 1, and the first in
line’s behaviour (renege or not) reveals her posterior belief (Y ™ or 1 respectively). By
Proposition [3| (and ignoring the prior on timing), the individual who joined the queue at
the n' position attaches probability y;(1 —a)™!/y, to the to the first-in line never having
observed service. This is, therefore, the probability that the n'" in line attaches to her
reneging together with the first in line once the queue reaches length N*+ 1, in which case
the n'® in line’s payoff is 1. She attaches the complementary probability to the first in line
not reneging once the queue reaches length N* + 1. In that case, the n'® in line’s payoff is
Y™ow, by .

Thus

Yn B
If the n'® in line abides by the equilibrium and waits for N* — n + 2 unsuccessful service

events so as to herd on the first in line’s behaviour when the queue is length N* + 1, then
her payoff is:

_ n—1 _ n—1
Un

1— @l e . .
U; — ﬂg |: ,uolunéN —n+2 _}_d)nw(g_ (1 . Oz)N —n+25N —n+2(¢nw5 . An) .

n

A sufficient condition for early reneging to be suboptimal for the n'® in line is U* >
Uy(m,p) forallm=2,... ., N*+1and m =0,..., N* — n+ 1. Substituting from above,
early reneging is suboptimal if

_ 750
(A26) ]'117/—0%(5m_5N*n+2) < (1_a)m(sm(wnw(s_1)_(1_Oé)N*,nJrQ&N*,nJrZ(wnw(s_An)

foralln=2,....N*+1and m = 0,...,N* —n + 1. Substituting the value of A, we
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obtain

1 — ad gm — g —nt2 . 1 — )V !
— Hn < (1 . a)mém o 5N —n+2< Oj) Y )
Now substituting from , the definition of i, we get the equilibrium condition

1— M(Sm _ 5N*fn+2

< n6m 1— m 1— N*—|—15N*—n+2‘
e S "= a)” — (1 =)

Finally, dividing through by 6 (1 — «)™*™, writing s = m+n and substituting the expres-
sions from Proposition |3| for y; and vy, gives the sufficient condition for equilibrium:
(A.27)
1 — 1 1— 5N*7s+2
BN*p (1 —a)®

¢n71 _ kN*
(1-a)

< (Y"wd —1) ( — (1 —kn-)(1 - a)N*H—s(sN*—sH) ,

fors=2,...,N*"+1landn=2,...,s.

We now show that for ¢ sufficiently close to one holds. First observe that
also holds forn =1 and s = 1,..., N* 4+ 1. since, by the construction of the equilibrium
N* it is optimal for the first in line to experiment for N* + 1 periods and then renege.
There is no social learning for the first in line and the indifference that occurs if ¢* > 0
ensures that there are no estimates, so in this case the expressions are exact.

Now we consider (A.27) for n > 1. The term (¢" ' — k%)/(1 — a)" in (A.27) increases

inn for a > 1/2 or ky+ <0 (a < ay)["] This is because

¢ —kne Q" —kne o nil g
(1 — O./)n—H - (1 — a)n - (1 — Oé)n+1 (¢ i kN)

When k} < 0 and ay > « the right-hand-side above is greater than unity. When o > 1/2
the right-hand-side above is increasing in n so is minimised at n = 2. Thus we get

¢" —kne "' — k- S { 1 @ < Qs

1-a)  (1-a)y (6* — ky)da2, a>1/2.

Hence the first term in n is approximately constant for 0 large, by our initial argument,
while the second term strictly increases in n by an amount independent of 4. In combina-
tion, therefore, as n increases the RHS of increases in n, for all s. As the inequality
holds for n = 1 it holds for all n > 1 too. Hence we have shown that no later arrival can
benefit from early entry.

Finally, note that this finite set of inequalities hold strictly for the beliefs 2. By
Lemma , therefore, they hold for the beliefs u for v sufficiently small. As v depends
on the number of states in the Markov process and N* increases in 6 how small ¥ must be
depends on 4. O

17This was defined in the proof of Proposition
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B Appendix

Here we describe the solution to the team problem. The first step is to describe the sta-
tionary distribution of queue lengths in the good state when the team adopts the strategy
described in Section [4l This is a simplified version of the calculation in the first Appendix
and yields the distribution:

1— n—1 =1,2,.... M —1:
(Bl) Zn QS {¢ ) n = ) b)

1— @M+ | oM~V /a, n= M.

The next step is to describe the team’s time-average utility. By the ergodic theorem, z,
is also the time-average of the number of agents arriving at the queue at the n'" position
for n < MT. Such an agent will get utility ¥""dw if she waits for service. The average
number of agents arriving at the queue at the M position can be found by considering
their history. They must have joined a line of length MT — 1, which occurs with stationary
probability (1 —a)zy+_;+ (1 —a)azyt. (This is because an agent can find MT—1 agents in
the line if no service occurred or if one unit of service occurred and the line was previously
length MT). These agents get utility ¢ "Sw. Finally, an agent will balk and get utility
one if she arrives at the queue at the MT 4 15 position. This occurs with probability
(1 — ) zyst. Hence the time average welfare of the team is

Mt—1

WM = Z 2" 0w + @DMT&U(I —a)(zpio Fazpyr) + (1 —a)zp.

n=1
Substituting for the stationary distribution and evaluating the summations gives
1—¢ 1 b2 — oY t
WM = ————— |46 — MM T M
) = g 000 (=g = ¢  gg) +o
A tedious calculation can then be performed to show:

1-¢
T

WM +1) — W(M) = " [(2 = G ow — (1 - 6) — GW (M +1)] .

The socially optimal value of MT is the smallest value of M for which the above expression
is negative.
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